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¸nãYÅËÙ�ä¾Ä�äÃ·ËÔ3½�´åÅ¾Êæ·�¶çÅv¸nÄ�´�¶z´�¶�¿ÃÏ�³µÙDäËÅ¾¸�³Û»¾Ù�´n·�ÏµÉèÄ�ÏÀ·5¹å¸né¾ÏÞÔ<Å¾¶ Å¾¶�·�áËÍ^êj³À¶�ÈÃÙLÍÃÈÃ´2½�´�ÈÃÜJÈ¾¸�¹åëjÅË¹¼»¾´�¸åÅ�ÙjÄ�¶5äÃ·
³ÀÙLäËÅ¾¸n³À»¾Ùj´èÜJÈÃÏµ³ÀÙjÈ¾ÉèÈÃÊìÅËÏÀáÃ·�êj¸å»�ín»ËÙYÅ¾Êì´n¶�·�¸nÊË·�¶�·�¹åÄ�¸néÃÏlÂïî&·5äÃ·�¶�·�¹n·�´n·�Ù\ÔQÅ¾¶5¹^ÉçÝ�¹¼ÅØ¹ í�ÝjÊHÉè·�ájÔ�ëjÈÃá¾Í
Å¾¶çÈÃ¸º¹åÈÃá¾ÈÃÙY»¾Ïµ³À´�½�´�ÈÃÜJÈ¾¸�¹Q´�¹åÅ¾Ùj±YÅË¸n±�äÃ·�ÊL¹åÈÃ¸ðâÎ¸n·�Üj¸n·�¶�·�ÙD¹å»¾½�³µ¿ØínÅæ¹åÐÃêjêÇÜ>Ä�Ïµ±Y»¾ÙLÍL»ËÙYÅ¾Êg±�³À¸n·�ÊL¹ñÐÃ´n´�¶�·�áÃÄ�Ù
Ä�¸º¹å·�ÏµÉè·�¶�·5¹n¹ñ³µÙDäËÅ¾¸�³Û»¾Ù�´7ÜJÈ¾ÏÀ³ÀÙ�ÈÃÉèÈ¾Ê�ÕæÊØÅ¾¸nÅ¾ÊL¹å·�¸n³À´�¶�¹n³ÀÊØ»¾êYÅ¾Ù�¹n·�Ïòí�·�´n·�Ù0Éè»¾´�Ê¾Ä�Ü�Üàä@³À´�·�ÏµÊ¾·�±�Ùj·�ÊbÔ�Éè³µÙD¹
Éè³µÙj±j·�ÙóÉè»¾´è·�´n·5¹åê>·�Ù\ÂõôÖÙjÙj·�ÊóÊËÐ�ä¾·�¹nÊ¾·�¶5¹åÄ�êJ·�Ù�Å¾¶
·�áÃÄ�´n¶�·�Êóá¾Í@öj¸�öØí�·g÷ø·�ÏÀ·�¹�¹�³µ´èÙj·�Évâ¥ÊDÏÛÅ¾´�´n¶�³µÊDÝj´
ä@³À´n·�ÏÀÊË·�±jÄ�´�¹2¹¼Å¾ÜYÅË´n¶�¹åÅ¾ÏÀÝ�ÙjÊbÂ

ù ÈÃÙL¹åÈ¾´åÅ¾êjêjÅ¾Ù\Ô\ÅË¶�ÈÃÙ�Ü>ÈÃÏµ³ÀÙjÈÃÉ�ÈÃÊèá¾Í@öj¸nöØí�Ä5¹�ä@³À¶�´náL»ËÏúí�ÝjÊbÔJÅ¾Éè·�ÏµÍ¾·�Ê^·�á¾Í
n × m

ÉèÄ�¸n·5¹åö�Éè»Ë¹å¸�³üû
·�Ïµ·�É�·�³µ¹néÃÏJ÷øý�áÃáÃ·�Ù�·�ÊbÔbÄ�´2³ÀÙLäËÅ¾¸n³À»¾Ùj´åÅËÊæÅ�êjÅ¾ÏÀ¸�¿ÃÏ\´n¶�ÈÃ¸n¶�»¾´n´nÅ¾Ï�ëYÅË¹n¿

On

Ô>³µÏÀÏlÂ
SOn

½�´nÈÃÜ>ÈÃ¸�¹n¸åÅ�Â�î&ÝjÏµÏÀÊØÅØâ
¸åÅ¾ÊL¹n·�¸n³µ´n¶5¹å³ÀÊØ»�í�ãÇ¹n·�´�¹Q÷ø·�ÏÀ·�¹�¹Q·vá¾Í@öj¸nöjÊÇ´�¶�·�¸nÊ¾·�¶�·5¹å·ÇþøáÃ·�Ù�·�¸å»Ø¹åÈÃ¸�ÈÃÊ�Ä�´�±j·5ÿYÙj³Û»ËÏÀ¿æ¸n·�ÏÛ»¾½�³À¿ÃÊ��&É�³ÀÙL¹n·�á¾Í
´n¶�»¾¶
Ä5äÃ·�³µ´nÉ�·�¸º¹ Ô�·�ÏÀ´�éÃ´nÈÃ¸�êYÅ¾Ù��&·�¸nÉèÅ¾ÙjÙ��0·�Í@ÏzÑ�� ×2ÉçÝ�ÙjÊØ»�ín»¾ÙYÅ¾ÊTÊËÐÃ´n¶�ÐÃÙjëj·5¹åé@·�Ù\ÂX°�¶àÁ��	��
ØâÎ·�´
Ä�ä¾·�ÊDêJ·�ÙàÆ�·��ÈÃÙj½�³ÀÙj³%Å¾Ùj± ù ¸�È<½�·�´�³)Ñ�� ù × Éè·�áÃÉçÝ�¹åÅË¹n¹å»¾ÊbÔ>ë�ÈÃá¾Í�÷øÈÃ¸nÉè»¾ÏÀ³µ´åÅ¾Ù^ÝjáËÍLÅ¾ÙYÅË¶�ÈÃÊ
Å¾¶�·�¸n·�±<â
ÉèÄ�ÙLÍÃ·�Ê�³µáLÅ¾¶�Å¾Ê�ÜY»Ë¸åÅË¹nÏÛÅ¾ÙvÊØÅ¾¸åÅËÊD¹n·�¸�³À´n¶5¹å³µÊË»ËêYÅ¾Ùv³À´�Â ôÖ¸n·�±jÉèÄ�ÙLÍÃ·�³µÊD¸n·���³À½¼ë�ÉSÅ¾Ù�Ñ���×\Á������Øâ¥êJ·�Ùv·�ÏÀ·�Éè³
êj³À¶�ÈÃÙLÍ��µ¹¼»Ë´�¹^Å¾±�È¾¹n¹�Â °�¶+³ÀÙLäËÅ¾¸�³Û»¾Ùj´ðâÎá¾Í@öj¸�ö áÃ·�Ù�·�¸å»Ø¹åÈÃ¸nÅ¾³ñÅ¾¶

On

·�´n·�¹nÄ�Ù ÉS»¾´�È<±<÷øÈÃÊDãYÅ¾ÊbÔ�ÅË¶
SOn·�´�·�¹åÄ�ÙgÉè»¾´nÈ@±<â�Ä�´

n
âÎ·�±�÷øÈÃÊDãYÅ¾ÊbÂ

° ±j³µ´n´�¶�·�¸º¹¼»¾½�³À¿
ÁÃÂ���Â Õ<ÂüÔ�ÁÃÂ��jÂ��@Â6Ä�´�Á¾Â��jÂ���Âj¹nÄ�¹å·�ÏÀ·�³Àê>·�ÙgÉ�·�á¾ÉçÝ�¹¼ÅØ¹ í�ÝjÊbÔbëjÈÃá¾Í�ÅSÕ�ÊØÅ¾¸nÅ¾ÊL¹å·�¸�³À´�¶�¹å³µÊØÅ
·�´�·�¹å·�¹n·�Ïúí�·�´n·�Ù0Éè»¾´nÊËÄ�ÜjÜ+ä@³À´�·�ÏÀÊË·�±j³µÊ��7¸nÐÃá¾¶��µ¹n·�¹�¹

n ≥ 3
Ä�´QÙYÅ¾á¾Í

m
·�´n·�¹nÄ�Ùà¹å·�¹n´n¶�éÃÏÀ·�áÃ·�´�·�ÙàÉSÅ¾áÃÅ¾´

÷øÈÃÊDãæ÷ø·�ÏÀê>ÈÃÙL¹åëjÅË¹¼ÅË¹nÏÛÅ¾Ùæ³µÙLä¾ÅË¸n³Û»ËÙj´)Ü>ÈÃÏÀ³µÙjÈÃÉ�ÈÃÊv³À´6É�·�á í�·�ÏÀ·�ÙjÙj·�Ê>Â
��Å¾´�ÈÃÙjÏÀ¿�í�·�ÏÀ·�Ù�´nÄ�á2ÏÀÄ�Ü�÷ø·�Ï

Z
÷ø·�Ïµ·�¹n¹�³µ´�Â�°�¶4ÈÃ¸�¹nÈÃáÃÈÃÙj»¾ÏÀ³µ´\½�´�ÈÃÜJÈ¾¸�¹åÈË¹�·�á¾ÍQ·�áÃÄ�´�¶ ·�á¾Í@ý�¹n¹nëYÅË¹å¿¾´�Ô¾Ù�·�É�â

·�Ïü÷ Å�í�ÝjÏÀ¿vÊLäËÅ¾±j¸nÅË¹å³µÊ@Ý�´7Å¾ÏÀÅ¾Êæ´�¹åÅ¾êj³ÀÏµ³À¶�»Ë¹åÈÃ¸nÅ¾Ê¾Ä�ÙL¹&±�·�ÿYÙj³À»¾Ïúí�Ý�Ê>Â��&Å�Åè´�¶�ÈÃÊØ»¾´�ÈÃ´7ÊLäËÅ¾±j¸åÅØ¹å³ÀÊDÝj´�Å¾ÏÛÅËÊ@ê>¿ÃÏ
þ ÙjÄ�á¾Í@¶�·5¹åÐÃ´�´n¶�·�á��%³µÙj±jÝjÏµÝjÙjÊñÊD³ÞÔËÅ¾ÊDÊ¾ÈÃ¸�Æ�·���È¾Ùj½�³µÙj³DÄ�´ ù ¸�È<½�·�´n³JÑ�� ù ×<·�¸�·�±jÉ�Ä�ÙLÍ¾·�³�Ä�¸�ä¾Ä�ÙLÍÃ·�´n·�Êæþ �ðÅËÏÛÅØâ
½�´�ÈÃÙLÍ�!z÷øÈÃÊDã�áÃ·�Ùj·�¸n»Ë¹åÈ¾¸nÈÃÊ��5Â���Åèä@³À´�¶�ÈÃÙL¹ñÜj»¾¸nÈÃ´

n = 2r
±�³ÀÉ�·�Ùj¶�³À¿S·�´n·5¹åÄ�ÙàÅ¾¶

x1y1 + · · · + xryr

Ô
ÜY»¾¸nÅË¹åÏÀÅ¾Ù

n = 2r+1
±j³µÉè·�Ùj¶�³µ¿&·�´n·�¹nÄ�ÙvÅ¾¶

x1y1+· · ·+xryr+z2
ÊLä¾ÅË±j¸åÅË¹n³ÀÊDÝj´�Å¾ÏÛÅ¾ÊDê>¿ÃÏL³ÀÙ�±jÝjÏÀÝ�ÙjÊñÊD³

Á



þø¹n·�ëY»Ë¹�ÅvÏÀ·�á¾·�á¾Í@´n¶�·�¸�öjêjêÇÈÃÏüÍLÅ¾Ù�ÊLä¾ÅË±j¸åÅË¹n³ÀÊDÝj´�Å¾ÏÛÅ¾ÊDê>¿ÃÏÞÔjÅ¾Éè·�ÏµÍæÉ�³ÀÙ�±j·�Ù�ÊØÅ¾¸åÅ¾ÊL¹n·�¸n³µ´n¶5¹å³ÀÊØ»¾êjÅ¾Ù
Ù�·�É�â
·�Ïü÷ Å�í�ÝjÏÀ¿	�5Ô2Å¾ÊDÊ¾ÈÃ¸�Å§É�³7·�¸�·�±jÉ�Ä�ÙLÍ@ýjÙjÊ þ �ÎÉèÅ¾áLÅ¾´ !g÷øÈ¾Ê@ã ÷ø·�ÏÀê>ÈÃÙL¹åëYÅË¹åÅË¹åÏÀÅ¾ÙÚ³µÙDäËÅ¾¸�³Û»¾Ù�´nÈÃÊHÏÀÄ5¹å·�¶�Ä�´�·��
Ä�¸ºäÃÄ�ÙLÍ¾·�´�Â�ôÖ¶�Å�±j³µ´n´n¶�·�¸º¹¼»¾½�³À¿^ÁÃÂ��jÂ � ÂµÔ\Á¾Â��jÂ���ÂÖÄ�´�Á¾Â��jÂ���ÂÖÊËÈÃ¸nÈÃÏµÏÛ»¾¸�³ÀÝjÉè»¾ÙYÅËÊè»ËÏÀÏ �ü¹¼»¾´nÅ�Â

Ìg»¾´n¸�Ä�´�¶�¹vÉ�·�áÃÉçÝ<¹¼ÅË¹øí�ÝjÊbÔÖëjÈÃá¾Í¬Å¾¶�³µÙDäËÅ¾¸�³Û»¾Ù�´�¸åÅË½�³ÀÈ¾ÙY»¾ÏÀ³µ´ñ÷øýjáÃá¾ä¾Ä�ÙLÍÃ·�ÊHÕ
ÊØÅ¾¸åÅ¾ÊL¹n·�¸n³µ´n¶5¹å³ÀÊØ»¾êjÅ¾Ù
³À´�Å+É�·�á¾´n¶�È¾Ê¾È¾¹�¹åëjÈÃ¶æëjÅ¾´nÈÃÙ�ÏÀ¿LÅ¾Ù0ä<³µ´n·�ÏÀÊ¾·�±jÙj·�Ê>Â��&á¾ÍÃÅ¾Ùj·�¶�»¾ÏµÏ�ÅË¶æ³ÀÙLäËÅ¾¸n³À»¾Ùj´�Ü>ÈÃÏµ³ÀÙjÈÃÉ�ÈÃÊD¸åÅ^³À´�Ô�ëYÅ
m ≤ n

Â Ì
³ÀÙj±�·�Ù
n
â¥¸n·ÇÄ�´

m
â¥¸n·Çê>·�ÏÀ»Ë¹ í�ÝjÊbÔ2ëjÈÃá¾ÍÚÅ¾¶Ç³ÀÙLäËÅ¾¸�³Û»¾Ùj´èÜJÈ¾ÏÀ³ÀÙ�ÈÃÉèÈ¾ÊTá¾Í@öj¸nöØí�·�ä¾Ä�áÃ·�´n·�Ù

áÃ·�Ù�·�¸å»ËÏµ¹6É�È<±�ÝjÏÀÝj´�Å�Éè»¾´nÈ@±�÷øÈÃÊDã^³ÀÙLäËÅ¾¸�³Û»¾Ùj´�ÈÃÊ�áÃ·�Ùj·�¸å»¾Ïü¹¼Å�¸nÄ�´n¶�Å¾ÏÀáÃ·�êj¸åÅç÷ø·�ÏÀ·�¹�¹ Â
�Y�l�Y���\� ¡	��
b¨��
���
>�������������
���
b¨ �
! ·�á¾Í¾·�Ù

F
Å¾ÏÀá¾·�êj¸nÅ¾³ÀÏÀÅ¾á�¶ »¾¸º¹�¹n·�´�¹�Â ! ·�áËÍÃ·�Ù

n > 0
·�áÃÄ�´�¶¾Â�°&¶

F
n
ä¾·�ÊL¹åÈÃ¸º¹åÄ�¸nê>·�Ù+ÅSÊËÈ<ÈÃ¸�±j³ÀÙj»Ë¹¼»¾ÊØÅË¹

x1

Ô
y1

Ô�Â�Â�Â�Ô
xr

Ô
yr

í�·�ÏÀÐÃÏµ³ÞÔ ëjÅ
n = 2r

Ô4Ä�´
x1

Ô
y1

Ô2Â�Â�Â�Ô
xr

Ô
yr

Ô
z
í�·�ÏÀÐ¾ÏÀ³ÞÔ�ëYÅ

n = 2r + 1
Â¬°�¶

n
âÞä¾»ËÏµ¹åÈ¾¶�¿Ã´#"%$'&)(�*�&)+,*.-0/0&�*)+,&)$�12-03�"�4�50+768& �

q = x1y1 + · · ·+ xryr

ëYÅ
n = 2r,

q = x1y1 + · · ·+ xryr + z2 ëYÅ
n = 2r + 1.

°�¶
On(F)

½�´nÈ¾ÜJÈÃ¸º¹vÅ¾¶
Fn

¹åÄ�¸�Å¾¶�È¾Ù§ÏÀ³µÙj· »¾¸�³À´Q³À¶�ÈÃÉ�ÈÃ¸�ÿY¶�ÉçÝj´nÅ¾³Àê>¿ÃÏ�»¾ÏµÏÞÔ%Å¾Éè·�ÏµÍ¾·�Êà³ÀÙLäËÅ¾¸n³À»¾Ùj´åÅËÙ
ëYÅ¾á¾Í ín»¾ÊìÅ

q
÷øÈÃ¸nÉè»Ë¹�ÂÚ°�¶

On(F)
½�´nÈÃÜ>ÈÃ¸�¹	9\Å¾¸�³À´nÊD³ âÎ¶ »Ë¸�¹v¸nÄ�´n¶5ä¾ÅË¸n³À·5¹¼»¾´nÅ¬Å¾¶

Mn(F)
ÉS»Ë¹n¸n³ û�áËÍ<ö@â

¸nöjÙ�·�ÊbÂ�°�¶
On(F)

Éè³µÙj±j·�Ùó·�Ïµ·�É�Ä�Ùj·�Ê ±�·�¹å·�¸nÉ�³ÀÙY»ËÙj´åÅ ±1
Â�°�¶

SOn(F)
½�´nÈÃÜ>ÈÃ¸º¹åÈ¾¹�Å¾¶

On(F)·�á¾Í@´�Ä�áÃÊËÈÃÉèÜ>ÈÃÙj·�Ùj´n·�Ê¾Ä�ÙD¹7±j·�ÿYÙ�³Û»¾Ïòí�ÝjÊbÂ
°�¶

On(F)
½�´�ÈÃÜJÈ¾¸�¹åÈË¹�áÃ·�Ùj·�¸å»¾Ïòín»¾ÊzÅñ¹nýjÊD¸nÐÃ¶�Ä�´�·�ÊbÂ�°�¶

SOn(F)
½�´�ÈÃÜJÈ¾¸�¹�Ü>ÈÃÙL¹åÈÃ´nÅ¾Ù�Å¾¶�ÈÃÙ�ÏÀ³µÙj· »Ë¸n³À´

¹å¸nÅ¾Ùj´n¶5÷øÈÃ¸nÉè»¾½�³À¿ÃÊDê>¿ÃÏ\»¾ÏµÏÞÔ<Å¾É�·�ÏµÍ¾·�Ê�·�ÏÀéL»ËÏÀÏÀÙjÅ¾ÊvÜY»¾¸nÈ¾´6´nÈÃÊ�¹nýjÊD¸nÐÃ¶�Ä�´2´n¶�È¾¸n¶ ÅØ¹¼Å¾ÊËÄ�ÙL¹çÑ Ó 
�Ô;:)×ÞÂ
�Y�l�Y��<\� =�?>A@�¨B�C�YD��
b¯
! ·�á¾Í¾·�Ù

F
Å¾ÏµáÃ·�ê�¸åÅ¾³µÏÛÅ¾á�¶ »¾¸º¹)¹å·�´�¹�ÂE:�·�ÊD³µÙD¹n´nýjÊ�Å¾¶

R = F[n × m]
ÜJÈÃÏµ³ÀÙjÈ¾Éèá¾Í@öj¸�ö�¹

n× m
äË»¾Ïü¹åÈÃ¶�¿Ëâ

êYÅ¾Ù\ÂÖ° ä¾»ËÏµ¹åÈ¾¶�¿ÃÊØÅË¹ ·�á¾Í
n×m

É�Ä�¸�·�¹åö
V

Éè»Ë¹n¸n³üû<êYÅ�¸n·�Ùj±j·�¶�¶�ýjÊS·�ÏÞÂÖ°
V

ÈÃ´n¶�ÏÀÈÃÜjÅ¾³
nF

±j³ÀÉ�·�Ù�¶�³À¿¾´
äÃ·�ÊD¹nÈÃ¸nÈ¾Ê �

v(1)
Ô_Â�Â�Â�Ô

v(m)
ÂÖ°�¶

R
·�á¾Í�¹n³ÀÜj³µÊ@Ý�´6·�ÏÀ·�Éè·��

f(V ) = f
(

v(1), . . . , v(m)
)

.

! ·�á¾Í¾·�Ù
RG

Å
G = On(F)

äËÅ¾áËÍiÅ
G = SOn(F)

½�´nÈÃÜ>ÈÃ¸�¹n¸åÅì³ÀÙLäËÅ¾¸n³À»¾Ùj´�Ü>ÈÃÏµ³ÀÙjÈÃÉ�ÈÃÊ Å¾ÏÀÊËÈ¾¹n¹åÅ
¸nÄ�´n¶ ÅËÏÀáÃ·�êj¸åÅ�Ô�Å¾ëjÈÃÏJÉè³µÙj±j·�Ù

g ∈ G
ÅçêYÅ¾Ïµ¸n¿ÃÏ>´n¶�ÈÃ¸n¶�»¾´n´nÅ¾Ï_ëYÅË¹6Å¾¶

n×m
É�Ä�¸n·5¹åöæÉè»Ë¹å¸�³üû<ÈÃÊËÈÃÙ+þlÅË¶ Å¾¶

ÏÀ³µÙj· »¾¸�³À´ ëj·�ÏüÍÃ·�¹�¹å·�´ �µ¹nÄ�´�´n·�Ï�ëYÅË¹2ÅË¶�È¾´n¶�ÏµÈÃÜLäÃ·�ÊD¹nÈÃ¸nÈ¾Ê¾ÈÃÙ�� �

g : V =
(

v(1), . . . , v(m)
)

7→ gV =
(

gv(1), . . . , gv(m)
)

.

ô�û�Ü�ÏÀ³À½�³µ¹n·¾Ô
RG = {f(V ) ∈ R | f(gV ) = f(V ) (g ∈ G)}.

:%·�Ê@³µÙL¹å´ný�Ê^Å¾¶
R

Å¾ÏÀ»¾êjêj³3Ê@³ü¹åýjÙL¹n·�¹å·5¹n¹2·�Ïµ·�É�·�³ü¹ Â ! ·�áËÍÃ·�Ù

(kk) = (kk)n = q
(

v(k)
)

(1 ≤ k ≤ m)

Ä�´
(kl) = (kl)n = β

(

v(k), v(l)
)

(1 ≤ k ≤ m, 1 ≤ l ≤ m, k 6= l).

Õ



ô�û�Ü�ÏÀ³À½�³µ¹n·¾Ô�ëjÅ
n = 2r

ÔYÅ¾ÊDÊ¾ÈÃ¸
(kl) = x

(k)
1 y

(l)
1 + y

(k)
1 x

(l)
1 + · · ·+ x(k)

r y(l)
r + y(k)

r x(l)
r (k 6= l),

É �µáçëYÅ
n = 2r + 1

ÔYÅ¾ÊDÊ¾ÈÃ¸
(kl) = x

(k)
1 y

(l)
1 + y

(k)
1 x

(l)
1 + · · · + x(k)

r y(l)
r + y(k)

r x(l)
r + 2z(k)z(l) (k 6= l).

! ·�á¾Í¾·�Ù
[i1, . . . , in] = det

[

v(i1), . . . , v(in)
]

.°
(kl)

Ü>ÈÃÏÀ³µÙjÈÃÉ�ÈÃÊìÈÃ¸�¹nÈÃáÃÈÃÙj»¾ÏÀ³µ´è³µÙDäËÅ¾¸�³Û»¾Ù�´nÈÃÊbÔ7Å
[i1, . . . , in]

Ü>ÈÃÏµ³ÀÙjÈÃÉ�ÈÃÊì´nÜ>·�½�³Û»¾Ïµ³À´�È¾¸�¹åÈ¾áÃÈÃÙY»¾Ïµ³À´
³ÀÙLäËÅ¾¸n³À»¾Ùj´�ÈÃÊbÂ

°�¶�³ÀÙLäËÅ¾¸n³À»¾´n·�ÏÀÉ�Ä�ÏÀ·5¹6ÊDÏÛÅ¾´�´n¶�³ÀÊDÝj´��Î·�Ïµ´néèÅ¾ÏÛÅËÜ�¹åÄ5¹å·�Ïµ· !7´n¶�·�¸n³µÙD¹&ÙDÝjÏÀÏµÊØÅ¾¸åÅ¾ÊL¹n·�¸n³µ´n¶5¹å³ÀÊØ»�í�ã
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·�´n·5¹åÄ�Ù�Å¾¶
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x

(1)
1 x

(2)
1 + · · · + x

(1)
n x

(2)
n
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char F 6= 2
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Å¾¶¾Ô>ëjÈÃá¾Í
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F[n × m]
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b¯
! ·�á¾Í¾·�Ù

G = SOn(F)
ä¾ÅËá¾Í

G = On(F)
Â ! ·�á¾Í¾·�Ù

K = F(n × m)
Å¾¶

R = F[n × m]
ëY»¾ÙLÍÃÅØâ

±jÈÃ´º¹å·�´º¹å·ËÂ§°
K

·�ÏÀ·�Éè·�³6Å¾¶
n × m
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m ≤ n
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Ä�´

F[n × m]O
Å¾ÏÀáÃ·�êj¸å»ËÊËÅØ¹ Ô�ëjÅ

m ≤ n
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·�á¾Í�·�¸n·�±jÉ�Ä�ÙLÍÃÄ5¹ Ô>Å¾É�·�ÏµÍ�Å

GL2

½�´�ÈÃÜJÈ¾¸�¹å¸nÅvä¾ÈÃÙYÅË¹nÊ¾ÈÃ¶�È¾¹n¹zÑ�� ×ÞÂ
° �0·�Í@ÏüâÞ÷øÄ�ÏÀ·�ÊØÅ¾¸åÅËÊD¹n·�¸º÷øÈÃ¸nÉçÝ�ÏÛÅ¬Ñ Ó ��Ô
���õÔ �õÁ¾Ô � ÕØ×�Å¾¶�¹�ÉèÈÃÙ�±ØínÅ
É�·�ájÔ%ëjÈÃá¾ÍÃÅ¾ÙTÏÀ·�ëj·�¹�·�á¾Í

þ ÊËÈÃÉèÜ�ÏÀ·5ûJÔ>÷øÄ�ÏÀ³µáÃ·�áËÍ<´�¶�·�¸nö\Ô\Ð¾´n´n¶�·�÷øýjá¾áÃé��
G

! ³µ·5â¥½�´nÈ¾ÜJÈÃ¸º¹åÙYÅËÊ
Å
Vλ

³À¸n¸�·�±jÝ�½�³Àê�³ÀÏÀ³µ´�¸n·�Ü�¸n·�¶�·�ÙL¹¼»Ë½�³À¿¾ëjÈÃ¶
¹¼Å¾¸º¹åÈÃ¶�¿

χλ

ÊØÅ¾¸åÅ¾ÊL¹n·�¸nÄ5¹�ÊD³µ´n¶ »ËÉèÈÃÏµÙj³ÞÂ ��Å
G

·�á¾Í+ÊDÏÀÅ¾´n´�¶�³ÀÊDÝj´�Éè»Ë¹å¸�³üû<½�´�ÈÃÜJÈ¾¸�¹ Ô�ÅËÊ@ÊËÈÃ¸zÅ �0·�Í@Ï â¥÷øÄ�Ïµ·
ÊØÅ¾¸åÅ¾ÊL¹n·�¸�÷øÈ¾¸nÉçÝjÏÀÅñÅ

χλ

ÊØÅ¾¸nÅ¾ÊL¹å·�¸
g ∈ G

ëj·�ÏüÍÃ·�ÙS÷ø·�ÏüäÃ·�¹�¹�Ä�¸�¹nÄ�Ê¾Ä5¹6Å
g
Éè»Ë¹å¸�³üûç´åÅ�ín»Ë¹nÄ�¸º¹åÄ�ÊË·�³üäÃ·�Ï>÷ø·ðí�·�¶�³

ÊD³ÞÂ
°!±�³À´n´�¶�·�¸�¹¼»Ë½�³À¿¾êYÅ¾ÙHÅ¾¶^ÐÃ´n´�¶�·5÷øýjáÃáÃé0Ê@ÏÀÅ¾´n´�¶�³µÊ@Ý�´�½�´nÈÃÜ>ÈÃ¸º¹åÈÃÊDÊØÅ¾Ï)÷øÈÃáÃÏÀÅ¾ÏÀÊËÈÃ¶�Ý�ÙjÊbÔ4Ä�´SÅ �0·�Í@ÏüâÞ÷øÄ�Ïµ·

ÊØÅ¾¸åÅ¾ÊL¹n·�¸�÷øÈ¾¸nÉçÝjÏÀÅ¬ÈÃÏüÍLÅ¾ÙiäË»¾Ïµ¹nÈÃ¶ ÅË¹åÅ¾³µ¹Sêj³À¶�ÈÃÙLÍ��µ¹ í�Ý�Ê>Ô�Å¾É�·�ÏµÍ¾·�Ê Å
χλ (g)

Ä�¸º¹åÄ�Ê¾·�¹gÅ
g

ëYÅØ¹näË»¾ÙLÍLÅ¾³ â
ÙYÅ¾Êv·�Ïµ·�É�·�³üäÃ·�Ïb÷ø·ðí�·�¶�³µÊèÊD³3·[û<ÜjÏÀ³µ½�³µ¹n·&É�·�áÃÅ¾±jÈ¾¹�¹)¸åÅË½�³ÀÈ¾ÙY»¾ÏÀ³µ´ ÷øýjáÃá¾ä¾Ä�ÙLÍ@Ê¾Ä�ÙD¹�Ôb´nÈÃÊ�ÊDýjÏÀÐÃÙDê>ÐÃ¶�é�É�¿@±jÈÃÙ\Â
� Å¾ÏÀ¿¾´n¶��µÙDöjÙj·�Ê�¹nöjÙj³µÊ>Ô%ëjÈÃá¾Í+·�÷øÈÃ¸nÉ�ÝjÏÛ»¾Ê�Å¾±Øín»¾Ê+Å�ÏÀ·�á¾á¾ÍÃÈÃ¸�´åÅ¾ê�ê¬Ä�´zÏÀ·�áÃ·�á¾Í@´�¶�·�¸�öjêjêTÉ�¿<±�È¾¹

χλ(g)ÊD³À´n¶�»¾É �µ¹¼»Ë´å»¾¸nÅç»¾Ïµ¹åÅ¾ÏÛ»ËÙjÈÃ´
g
·�´�·�¹åÄ�Ù\Â

° ÊËÈÃÉèÜ�ÏÀ·5û�´�¶ »¾É�ÈÃÊ
C

¹å·�´�¹å·�÷ø·�Ïµ·�¹n¹2±jÈ¾ÏÀáÃÈÃ¶�ÝjÙjÊbÂ6°�¶�Å¾ÏÛ»Ëêjêj³_ÊDÏÛÅ¾´�´n¶�³ÀÊDÝj´�½�´nÈÃÜ>ÈÃ¸º¹åÈÃÊDÊØÅ¾Ï�÷øÈÃáÃÏÛÅËÏüâ
Ê¾ÈÃ¶�ÝjÙjÊbÂ

• °
GLn(C)

»¾Ïü¹¼Å¾ÏÀ»¾ÙjÈÃ´�ÏÀ³ÀÙ�· »¾¸�³À´�½�´nÈÃÜ>ÈÃ¸º¹ ÂHôÖÙjÙj·�ÊT·�ÏÀ·�Éè·�³6Å¾¶
n × n

É�Ä�¸n·5¹åöH³ÀÙLäÃ·�¸�¹å»¾ÏÀëYÅØ¹å¿
Éè»Ë¹å¸�³üû<ÈÃÊbÂ�ôÖ¶�¹&Å�½�´�ÈÃÜJÈ¾¸�¹åÈË¹2Åv±�³À´n´�¶�·�¸�¹¼»Ë½�³À¿SÕ<Â Õ<Â�÷ø·Îí�·�¶�·5¹åÄ�êJ·�Ù
¹¼»Ë¸ná¾ÍÃÅ¾Ïúí�ÝjÊbÂ

• °&¶
SLn(C)

´nÜ>·�½�³À»¾ÏÀ³µ´�Ïµ³ÀÙj·�»¾¸n³µ´ ½�´nÈÃÜ>ÈÃ¸�¹�Â�ôÖÏÀ·�É�·�³3Å¾¶
n× n

ÉèÄ�¸n·�¹nöÇÁñ±j·�¹n·�¸�Éè³µÙY»¾Ùj´�ãæÉS»Ë¹n¸n³ â
û<ÈÃÊbÂ ô�¶5¹&Åv½�´nÈÃÜ>ÈÃ¸º¹åÈ¾¹2Å�±j³µ´n´n¶�·�¸º¹¼»¾½�³À¿SÕ<Â � Â�÷ø·ðí�·�¶�·�¹nÄ�ê>·�Ù�¹¼»¾¸�á¾ÍLÅ¾Ïòí�ÝjÊbÂ

• °&¶
SOn(C)

´�ÜJ·�½�³À»¾ÏÀ³µ´_ÈÃ¸�¹nÈÃáÃÈÃÙY»ËÏÀ³À´3½�´nÈ¾ÜJÈÃ¸º¹ Â�ô�Ïµ·�É�·�³@Å¾¶�ÈÃÊQÅ¾¶
n×n

É�Ä�¸�·�¹nöSÁ�±�·�¹å·�¸nÉ�³ÀÙY»ËÙj´nã
Éè»Ë¹å¸�³üû<ÈÃÊbÔ<Å¾Éè·�ÏµÍ¾·�Ê�³ÀÙLäËÅ¾¸n³À»¾Ùj´åÅËÙ�ëYÅ¾á¾Í ín»¾ÊèÅ�´º¹¼Å¾Ùj±jÅ¾¸n±^Ùj·�Évâ¥·�Ïµ÷ ÅNí�ÝjÏÀ¿�ÊLä¾ÅË±j¸åÅË¹n³ÀÊDÝj´�÷øÈ¾¸nÉè»Ë¹ Â
ôÖ¶�¹�Å�½�´�ÈÃÜJÈ¾¸�¹åÈË¹2Åv±�³À´n´�¶�·�¸�¹¼»Ë½�³À¿SÕ<Â��jÂjÄ�´�Õ@Â ��Â<÷ø·ðí�·�¶�·�¹nÄ�ê>·�Ùg¹å»¾¸ná¾ÍÃÅ¾Ïúí�Ý�Ê>Â

• °&¶
Sp2r(C)

´n¶�³µÉèÜ�ÏÀ·�ÊL¹n³ÀÊDÝj´�½�´nÈÃÜ>ÈÃ¸º¹ Â�ôÖÏÀ·�Éè·�³\Å¾¶�ÈÃÊ�Å
2r × 2r

É�Ä�¸n·5¹åöæÉè»Ë¹å¸�³üû<ÈÃÊbÔ<Å¾Éè·�ÏµÍ¾·�Ê
³µÙDäËÅ¾¸�³Û»¾Ù�´åÅ¾Ù�ëjÅ¾á¾Í ín»¾Ê�Å�´�¹åÅ¾Ùj±YÅË¸n±æ´n¶�³ÀÉ�ÜjÏÀ·�ÊL¹å³ÀÊDÝj´4÷øÈÃ¸nÉè»Ë¹�Â ôÖ¶�¹�Åz½�´nÈ¾ÜJÈÃ¸º¹åÈ¾¹6Å�±j³À´�´n¶�·�¸�¹å»¾½�³µ¿
Õ<Â �<Âj÷ø·Îí�·�¶�·5¹åÄ�êJ·�Ù
¹¼»Ë¸ná¾ÍÃÅ¾Ïúí�ÝjÊbÂ

! ·�á¾ÍÃ·�Ù
Mn(C)

ÅvÊ¾ÈÃÉ�ÜjÏµ·5û
n × n

É�Ä�¸�·�¹nö�Éè»Ë¹n¸n³üû<ÈÃÊv¹å·�¸n·ËÂ
�)���)� )Ú� ���¥����� ����	4� �������������ð� �3��	�* 	��<�
! ·�á¾Í¾·�Ù

G = GLr+1 (C)
ÔY´&ê>·�ÙjÙ�·

H = (C∗)r+1 Å¾¶�»Ë¹nÏÀ¿Ã´6Éè»Ë¹å¸�³üû<ÈÃÊèÅ¾ÏÀÊËÈ¾¹n¹åÅ�ÉèÅØû<³ÀÉè»¾Ïµ³À´�¹å¿Ã¸�Ýj´n¶ËÂ
! ·�á¾Í¾·�Ù

Hom (H, C∗) = Zr+1
ÅS´�ãjÏµÍ@¸n»¾½�´�Â ��Å

λ = (λ0, . . . , λr) ∈ Zr+1
Ô3Ïµ·�á¾Í¾·�Ù

zλ : H → C∗Å
H

Éè·�á¾÷ø·�Ïµ·�ÏÀé�ÊØÅ¾¸åÅËÊD¹n·�¸�·¾Â �&Å
λ

±jÈÃÉ�³ÀÙY»ËÙj´�Ô�Å¾¶ Å¾¶
λ0 ≥ · · · ≥ λr

Ô�ÏÀ·�áËÍÃ·�Ù
χλ : G → C

Å
λÏÀ·�áÃÉSÅËáLÅ¾´åÅËêjê�´nã�ÏµÍ@ã
³µ¸n¸�·�±jÝj½�³Àêj³µÏÀ³µ´�¸n·�Üj¸n·�¶�·�ÙD¹å»¾½�³µ¿èÊØÅ¾¸nÅ¾ÊL¹å·�¸n·¾Â

�\�2�\� �Y� �N«��N¦ �ð��� �*��� �%(
λ = (λ0 ≥ · · · ≥ λr) ∈ Zr+1

) "
g ∈ GLr+1 (C)

%�� - -�50+

r
∧

i=0

gλi+r−i = χλ (g) ·
r
∧

i=0

gr−i.

�



� &
λr ≥ 0 �

&0- -�50+ & $�)%$���� 1 ��& � (.�%6 40��� $�)%$ �1�%(���� 1 (�/��%+7$8	�� �;&)$��
g ∈ Mr+1 (C)

6!	)$�+71�� + &812"�%

�\�2�\���\��¯�
b¨
?���C�j¨0�(/�ªó� � �*��� �%(
Ω

&�� $7�%+7(�	��1�
(r + 1)

��� 1 (.��	)+712"�4�50+768& &
Mr+1 (C)

$7)%+/�%(�% � �*��� �%(
λ = (λ0 ≥ · · · ≥ λr) ∈ Zr+1 �

� - -�50+

Ω
(

gλ0+r, gλ1+r−1, . . . , gλr
)

= χλ (g) · Ω
(

gr, gr−1, . . . , 1
)

.

��Å
χλ(g)

Ä�¸º¹åÄ�Ê¾Ä�¹
g

ëjÅË¹näË»¾ÙLÍLÅË³ÀÙYÅ¾Êg·�ÏÀ·�Éè·�³µä¾·�Ï�Å¾ÊØÅ¾¸ í�ÝjÊ�ÊD³µ÷ø·Îí�·�¶�Ù�³ÞÔ�Å¾ÊDÊ¾È¾¸zÈÃÏüÍLÅ¾Ù
Ω
â¥¸åÅæäËÅ¾Ù0´�¶�ýjÊÃâ

´nÄ�áÃýjÙjÊbÔ�Å¾É�·�ÏÀÏüÍÃ·�ÏÖÅ�÷ø·�ÙL¹å³>í�È¾êjê0È¾ÏÀ±YÅ¾Ï%Ùj·�É Å¾¶�ÈÃÙ�ÈÃ´åÅ¾Ù+ÙDÝjÏµÏÛÅ�Â ù Ä�Ïµ±Y»¾ÝjÏ
Ω(g0, . . . , gr)

ÏÀ·�ëj·�¹�Å¾¶�ÈÃÙ
ÉS»Ø¹å¸n³ ûè±j·�¹n·�¸nÉ�³ÀÙj»¾Ùj´åÅ<ÔYÉè·�ÏµÍÃ·5¹2Å

gi

âÎÊ�»Ø¹åÏÀ¿¾³ÞÔ<äËÅ¾áËÍ�·�Ïµ´név´nÈ¾¸åÅ¾³lÔj´�¹nê\ÂSÅËÏÀÊ¾ÈË¹åÙYÅ¾ÊbÂ
�\�2�\��<\��¯�
b¨
?���C�j¨0�(/�ªó�&� �

Mr+1 (C)
$�)%+/�%(.$7� -01 (�$ "�� (;-��*��� 5�� � &)( &�� $��%+%(�	��1�

r
��� 1 (.��	)+712"

ω
4�50+76!	)$

�&)6 ��� � ��� $�� (�12-
�
�;& �*��� &)+*�)3 6 �%(�$�3 68&�& � �*���" )*�)6!	)$�+71�� % � - -�50+

�
�;&

λ
5�� � &)(

�
6�1 (�$ & � ���
	���	

-�50+ 5���� 	)+%1 3 6!� &)(
�
) "

λr = 0 �
&0- -�50+

ω
(

gλ0+r, gλ1+r−1, . . . , gλr−1+1
)

= χλ (g) · ω
(

gr, gr−1, . . . , g
)

.

��Å
χλ(g)

Ä�¸�¹åÄ�Ê¾Ä5¹
g
ëYÅË¹näË»¾ÙLÍÃÅ¾³ÀÙYÅËÊ7·�Ïµ·�É�·�³µä¾·�ÏLÅËÊËÅË¸øí�ÝjÊ&Ê@³ü÷ø·ðí�·�¶�Ùj³lÔØÈ¾ÏµÍLÅËÙ

ω
âÎ¸åÅ�äËÅ¾Ù�´n¶�ýjÊD´nÄ�ájÔÃÉ�·�ÏÀÏüÍÃ·�Ï

Åg÷ø·�ÙL¹å³�í�ÈÃêjêTÈÃÏµ±YÅ¾Ï4Ùj·�É Å¾¶�ÈÃÙ�ÈÃ´åÅ¾ÙìÙDÝjÏµÏÛÅ�Â ù Ä�ÏÀ±j»¾ÝjÏ
ω(g0, . . . , gr−1)

ÏÀ·�ëj·�¹�Å¾¶�ÈÃÙ
r × r

É�Ä�¸n·5¹åö
ÉS»Ø¹å¸n³ ûè±j·�¹n·�¸nÉ�³ÀÙj»¾Ùj´åÅ<ÔYÉè·�ÏµÍÃ·5¹2Å

gi

âÎÊS·�ÏÀ´�éè·�ÏÀ·�Éz¹åéÃÏJÉè·�á¾÷øÈÃ´n¶5¹åÈ¾¹�¹�·�Ïµ´név´nÈÃ¸nÅ¾³�Å¾ÏµÊ¾È¾¹nÙYÅ¾ÊbÂ
°�Õ<Â Õ<Â � ÊËÈÃ¸nÈ¾ÏÀÏÛ»Ë¸n³ÀÝ�É

r = 1
·�´n·5¹å·7Ä�ÜjÜJ·�Ù �Â ! Â���³À´nÙ�·�¸nÈ¾´ºâºÌ�ÈÃÏÀ³µÙY»¾ÙYÅ¾Ê�Åzê>·�ä¾·�¶�·5¹åéÃê>·�Ùæ·�ÉèÏ �µ¹n·�¹n¹

·�¸�·�±jÉ�Ä�ÙLÍÃ·èÑ�� ×ÞÂ

�)�('�� � *z��� ����� �ð� �������������ð� �J��	�*
	��<�
! ·�á¾Í¾·�Ù

G = SLr+1 (C)
´�ê>·�ÙjÙj·

H ' (C∗)r Å¾¶�Å�ÉèÅØû<³ÀÉè»¾ÏÀ³µ´4¹n¿Ã¸nÝj´�¶¾ÔYÉ�·�ÏüÍ�Å¾¶vÁQ±j·5¹å·�¸�Éè³µÙY»¾Ùj´�ã
»Ë¹åÏµ¿Ã´)Éè»Ë¹å¸�³üû<ÈÃÊDê>¿ÃÏ\»¾ÏµÏÞÂ ! ·�á¾ÍÃ·�Ù

Hom (H, C∗) = Zr+1/Z
Å�´nãjÏüÍ<¸n»¾½�´�Â ! ·�á¾ÍÃ·�Ù

ρ = (r, r − 1, . . . , 0) + Z · (1, . . . , 1) ∈ Z
r+1/Z

ÅÇÜJÈÃ¶�³µ¹ �µä0á¾ÍÃÐÃÊËÐÃÊ§ÐÃ´�´n¶�·�áÃÄ�Ùj·�ÊT÷ø·�Ïµ·¾Â �&Å
λ = (λ0, . . . , λr) ∈ Zr+1/Z

Ô4ÏÀ·�á¾ÍÃ·�Ù
zλ : H → C∗Å

H
É�·�á¾÷ø·�ÏÀ·�ÏÀéÇÊØÅ¾¸åÅËÊD¹n·�¸�·¾Â���Å

λ
±jÈÃÉ�³ÀÙY»¾Ù�´�Ô�ÏÀ·�á¾ÍÃ·�Ù

χλ : G → C
Å

λ
Ïµ·�áÃÉèÅ¾áÃÅ¾´åÅ¾ê�êT´nãjÏüÍ<ã

³À¸�¸n·�±�Ýj½�³µêj³ÀÏµ³À´4¸n·�Ü�¸n·�¶�·�ÙL¹¼»Ë½�³À¿�ÊØÅ¾¸åÅËÊD¹n·�¸�·¾Â
��Å

` ∈ Zr+1/Z
Ä�´

g ∈ G
ÔjÅ¾ÊDÊ¾ÈÃ¸2Å¾¶

r
∧

i=0

g`i ∈ Mr+1 (C)∧(r+1)

Å¾ÙL¹å³µ´n¶�³µÉèÉ�·�¹n¸n³µÊ@Ý�´ ¹å·�Ùj¶�È¾¸ í�¿¾ÏÀ±j·5ÿYÙj³Û»ËÏµ¹ Â
�\�2<\� �Y� �N«��N¦ �ð��� �*��� �%(

λ = (λ0 ≥ · · · ≥ λr)+Z·(1, . . . , 1) ∈ Z
r+1/Z

) "
g ∈ SLr+1 (C)

% �E- -�50+

r
∧

i=0

g`i = χλ (g) ·
r
∧

i=0

gr−i,

&���5��
`i = λi + r − i

%

�



�)�
;2� � �����Ö�������h�$*z��� ����� �ð� 	��<��	>=�	������ �ð� �3��	�* 	��@�
! ·�á¾Í¾·�Ù

G = SO2r+1 (C)
Å¾¶

x1y1 + · · ·+ xryr + z2

ÊLä¾ÅË±j¸åÅË¹n³ÀÊDÝj´ ÷øÈÃ¸�ÉS»Ø¹ ³ÀÙLäËÅ¾¸�³Û»¾Ùj´nÅ¾Ù�ëYÅ¾áËÍÃ¿QÏÀ³µÙj· »¾¸�³À´�¹å¸åÅËÙj´n¶5÷øÈÃ¸nÉè»¾½�³µ¿ÃÊQ½�´�ÈÃÜJÈ¾¸�¹ ín»ËÙYÅ¾Ê�·�á¾Í@´nÄ�áÃÊ¾ÈÃÉ�Ü>ÈËâ
Ùj·�Ù�´n·¾Ôb´�ê>·�ÙjÙj·

H = (C∗)r Å¾¶QÅ�ÉSÅØû<³µÉS»¾Ïµ³À´�¹å¿Ã¸�Ýj´n¶ËÔbÅ¾É�·�ÏµÍ�Å
diag

(

z1, z
−1
1 , . . . , zr, z

−1
r , 1

)

Å¾ÏÛÅËÊ@ãæÉè»Ë¹n¸n³üû<ÈÃÊDê>¿ÃÏ\»ËÏÀÏÞÂ�°
Hom (H, C∗) = Z

r
´�ãjÏµÍ@¸å»Ë½�´nêjÅ¾Ù�Å

λ = (λ1, . . . , λr)
´nãjÏüÍ^Å

zλ =
r
∏

j=1

z
λj

j

! Å¾Ýj¸n·�ÙL¹�âÎÉ�ÈÃÙjÈ¾ÉèÙYÅËÊ�÷ø·�ÏÀ·�Ï3Éè·�ájÂ ! ·�á¾Í¾·�Ù
ρ = (r − 1/2, r − 3/2, . . . , 3/2, 1/2)Å�ÜJÈÃ¶�³µ¹ �µäèá¾ÍÃÐÃÊËÐÃÊ�÷øÄ�Ï âÎÐÃ´�´n¶�·�áÃ·ËÂ

�\� 9�� �Y� �N«��N¦ �ð��� �*��� �%(
λ = (λ1 ≥ · · · ≥ λr) ∈ Z

r
≥0

) "
g ∈ SO2r+1 (C)

%�� - -�50+
r
∧

i=1

(

g`i − g−`i
)

= χλ (g) ·
r
∧

i=1

(

gr+1/2−i − g−(r+1/2−i)
)

,

&���5��
` = λ + ρ �

& � & �
`i = λi + r + 1/2 − i �

) " &!�;&)$�/�	)( ��5 -)&)$ √
g ∈ SO2r+1 (C)

��	)+76 ��� �
�
*��

6�1 (�*)1 �83���� &)(�& �050( )%+%$�) - )%/�����*��$# (�1
	�� �73�-�%

�)�8?)� �6� � @ * �º�0� ����� �&� �J��	�*
	��@�
! ·�á¾Í¾·�Ù

G = Sp2r (C)
Å

r
∑

i=1

(x′
iy

′′
i − y′

ix
′′
i )

C2r
¹åÄ�¸n·�Ù Ä�¸�¹n·�ÏÀÉ�·�¶�·�¹�¹æÅ¾Ïü¹å·�¸�ÙY»¾Ïµ¿0êj³µÏÀ³µÙj· »¾¸�³À´�÷øÈÃ¸�ÉSÅà´�¹¼ÅËêj³ÀÏµ³À¶ »Ø¹åÈÃ¸nÅ�Ô ´SêJ·�ÙjÙj·

H = (C∗)r ÅË¶ÇÅ
ÉSÅ�û�³µÉS»ËÏÀ³À´Ö¹n¿Ã¸nÝj´�¶¾ÔbÉ�·�ÏµÍSÅ

diag
(

z1, z
−1
1 , . . . , zr, z

−1
r

)

Å¾ÏÛÅËÊ@ãæÉè»Ë¹n¸n³üû<ÈÃÊDê>¿ÃÏ\»ËÏÀÏÞÂ�°
Hom (H, C∗) = Zr

´�ãjÏµÍ@¸å»Ë½�´nêjÅ¾Ù
λ = (λ1, . . . , λr)

Å

zλ =
r
∏

j=1

z
λj

j

! Å¾Ýj¸n·�ÙL¹�âÎÉ�ÈÃÙjÈ¾ÉèÙYÅËÊ+÷ø·�ÏÀ·�Ï)Éè·�ájÂ ! ·�á¾ÍÃ·�Ù
ρ = (r, r − 1, . . . , 1)

ÅÇÜJÈ¾¶�³µ¹ �µäàá¾Í¾ÐÃÊ¾ÐÃÊ¬ÐÃ´n´�¶�·�á¾Ä�Ùj·�Ê
÷ø·�Ïµ·¾Â
�\���\� �Y� �N«��N¦ �ð��� �*��� �%(

λ = (λ1 ≥ · · · ≥ λr) ∈ Zr
≥0

) "
g ∈ Sp2r (C)

%�� - -�50+
r
∧

i=1

(

g`i − g−`i
)

= χλ (g) ·
r
∧

i=1

(

gr+1−i − g−(r+1−i)
)

,

&���5��
` = λ + ρ �

& � & �
`i = λi + r + 1 − i

%

�



�)����� � ����	4�T�$*z��� ����� �ð� 	��<��	>=�	��������ð� �3��	�* 	��<�
! ·�á¾Í¾·�Ù

G = SO2r (C)
Å

q = x1y1 + · · · + xryrÊLä¾ÅË±j¸åÅË¹n³ÀÊDÝj´ ÷øÈÃ¸�ÉS»Ø¹ ³ÀÙLäËÅ¾¸�³Û»¾Ùj´nÅ¾Ù�ëYÅ¾áËÍÃ¿QÏÀ³µÙj· »¾¸�³À´�¹å¸åÅËÙj´n¶5÷øÈÃ¸nÉè»¾½�³µ¿ÃÊQ½�´�ÈÃÜJÈ¾¸�¹ ín»ËÙYÅ¾Ê�·�á¾Í@´nÄ�áÃÊ¾ÈÃÉ�Ü>ÈËâ
Ùj·�Ù�´n·¾Ôb´�ê>·�ÙjÙj·

H = (C∗)r Å¾¶QÅ�ÉSÅØû<³µÉS»¾Ïµ³À´�¹å¿Ã¸�Ýj´n¶ËÔYÉè·�ÏµÍ�Å
diag

(

z1, z
−1
1 , . . . , zr, z

−1
r

)

ÉS»Ø¹å¸n³ û<ÈÃÊDêJ¿ÃÏJ»¾ÏµÏÞÂ °
Hom (H, C∗) = Zr

´nãjÏüÍ@¸å»¾½�´nêYÅ¾Ù
λ = (λ1, . . . , λr)

Å

zλ =
r
∏

j=1

z
λj

j

! Å¾Ýj¸n·�ÙL¹�âÎÉ�ÈÃÙjÈ¾ÉèÙYÅËÊ§÷ø·�ÏÀ·�Ï&É�·�á�Â ! ·�á¾ÍÃ·�Ù
ρ = (r − 1, r − 2, . . . , 1, 0)

Å0ÜJÈÃ¶�³µ¹ �µäHá¾ÍÃÐ¾Ê¾ÐÃÊH÷øÄ�Ïüâ
ÐÃ´n´�¶�·�áÃ·¾Â ! ·�á¾Í¾·�Ù

ε = (1, 1, . . . , 1, 1)Ä�´
e = ε + ρ = (r, r − 1, . . . , 2, 1) .

�\���\� �Y� �N«��N¦ �ð��� �*��� �%(
λ = (λ1, . . . , λr) ∈ Z

r �
&���5��

λ1 ≥ · · · ≥ λr−1 ≥ |λr|
% � �*��� �%(

λ̄ = (λ1, . . . , λr−1,−λr) .

� �*��� �%(
g ∈ SO2r (C)

%��E- -�50+

2
r
∧

i=1

(

g`i + g−`i
)

= (χλ + χλ̄) (g) ·
r
∧

i=1

(

gr−i + g−(r−i)
)

.

� 50/�	 � ��	
�

√
−1

r
pf q

(

g − g−1
)

·
r
∧

i=1

(

g`i − g−`i
)

=

= (χλ − χλ̄) (g) ·
r
∧

i=1

(

gr+1−i − g−(r+1−i)
)

.

� 1 (�*��%(�� $�$
` = λ + ρ �

& � & �
`i = λi + r − i

%

� ¹n¹2Å
g − g−1 ∈ so2r(C)ÏÀ³µÙj· »¾¸�³À´ ¹n¸åÅ¾Ùj´�¶�÷øÈÃ¸�ÉS»Ë½�³À¿

q
â¥¸åÅñäÃÈÃÙjÅË¹åÊËÈÃ¶�¿ ù ÷ Å %bâ¥÷øÄ�ÏÀ·�÷øÈÃ¸nÉè»�ínÅ�Å�±j·�¹n·�¸�Éè³µÙY»¾Ùj´ ÙjÄ�á¾Í@¶�·�¹åáËÍÃÐÃÊË·¾Â ô�¶5¹

±j·�ÿjÙj³Û»¾ÏµëYÅË¹øí�ÝjÊ¬ãjáËÍÃÔ�ë�ÈÃá¾ÍTÊD³À´�¶ »¾É �µ¹øí�ÝjÊ§Å+ÏÀ³µÙj· »Ë¸n³À´z¹å¸åÅËÙj´n¶5÷øÈÃ¸nÉè»¾½�³µ¿+ÉS»Ë¹n¸n³ ûj»Ø¹�·�á¾ÍìÜ>ÈÃ¶�³µ¹ �üä¬³µ¸å»Øâ
ÙLÍ��ü¹¼»¾´�ã ¸n·�Ùj±j·�¶�·�¹�¹

q F
ÈÃ¸º¹åÈÃÙ�ÈÃ¸nÉè»¾Ïµ¹èêY»¾¶�³À´�¸åÅ§ÙjÄ�¶�äÃ·ËÔ7Ä�´�ä¾·�´�´n¶�ý�ÊX·ÇÉè»Ë¹n¸n³üû ù ÷ Å %bâ¥÷øÄ�ÏÀ·gÜ>ÈÃÏµ³ÀÙjÈÃÉ�â

ín»Ë¹ Â�° (
2
√
−1
)r ±j·5¹å·�¸nÉ�³ÀÙY»¾Ù�´nã

q
âÎÈ¾¸�¹åÈ¾ÙjÈÃ¸nÉè»¾Ïü¹6êY»¾¶�³À´nÈ¾ÊËÅØ¹&¹n·�ÊD³ÀÙL¹ í�ý�Ê
Ü>ÈÃ¶�³ü¹ �üäæ³À¸n»¾ÙLÍ��ü¹¼»¾´�ãjÙYÅ¾ÊbÔJÅ

−
(

2
√
−1
)r ±j·5¹å·�¸nÉ�³ÀÙY»¾Ù�´nãYÅ¾ÊØÅË¹�Ü>·�±�³ÀávÙj·�áÃÅË¹ �üä�³À¸n»¾ÙLÍ��µ¹¼»Ë´nãjÙYÅËÊ>Â

�



�Sy �X���ç���æ����~��5���^���6�z�6� �Ç���)�5~	�[� �_�)� 	 �[��
æ��
�^�[~ 	 �Q~_|%���S����|��
'������ �0�\���_�3�3�<�_�
° ±j³À´�´n¶�·�¸�¹å»¾½�³µ¿+ëYÅ¾¸nÉèÅ¾±j³µÊà÷ø·Îí�·�¶�·�¹å·�Å¾¶àÑ ÓÖÕØ×6½�³ÀÊDÊ¾·�ÙóÅËÏÛÅ¾ÜjÝ�ÏÞÂ§Ó%éàÉ�È¾¹n³µäË»¾½�³µ¿ØínÅ�� ·�Ù �ü¹å·�¶ËÔ)ß<Å¾¸åÅ¾Ù@â
¹åÈÃÜ>ÈÃÝjÏµÈÃ´ñÄ�´ :%È¾ÙjáÃ·
Ñ��6ß :)×7þðÁ��������QÅËÏÛ»¾êjê�³ÖÊ¾Ä�¸�±jÄ�´�·¾Â ! ·�á¾Í¾·�Ùj·�Ê

f1

Ô Â�Â�Â�Ô
fn

ÁèÙjÈÃ¸nÉè»�í�ãàÏÀ³µÙj· »¾¸�³À´
÷øÝjÙjÊË½�³ÀÈ¾ÙY»¾ÏÀÈ¾Êè·�á¾Í^·�ÝjÊDÏµ³À±j·�´n¶�³\ä¾·�ÊL¹åÈ¾¸�¹åÄ�¸n·�Ù\Â)Ì�³ÀÙj±j³µáç÷ø·�ÙjÙj»¾ÏÀÏ âÎ·ñÅ¾¶

||f1 · · · fn|| ≥ n−n/2 þºÁ��

Å¾ÏÀ´�¿�êJ·�½�´�ÏÀÄ�´&Å�ÜJÈ¾ÙD¹nÈÃÙjÊËÄ�ÙL¹å³�´n¶�ÈÃ¸n¶�ÅË¹2ÙjÈÃ¸�ÉS»�ín»Ë¸åÅ��
° Ê¾È¾ÉèÜjÏµ·5ûH·�´n·�¹nêJ·�Ùi°�¸n³ÀÅ¾´ºâ¥±j·5â �2·5Í@ÙYÅóÑú°&×zÁ�������âÎêYÅ¾ÙH³ÀáÃÅ¾¶�ÈÃÏü¹¼ÅàÅ¾¶g³µáÃ·�Ù�ÏÀé+ä¾»ËÏÛÅ¾´�¶�¹ Ô ÷ø·�ÏÀëjÅ¾´n¶[â

ÙY»¾Ïüä¾Å7·�á¾Í�ÅQÊDäËÅ¾ÙL¹nÝjÉ�¹åÄ�¸n·�ÏÀÉ�Ä�ÏÀ·5¹åê>éÃÏ�³µ´nÉ�·�¸º¹ �i³À½¼ÊÃâ¥÷øÄ�ÏÀ·6÷øÈÃ¸nÉ�ÝjÏÛÅ7ÊËÈÃÉèÜ�ÏÀ·5ûçä¾»ËÏµ¹åÈ¾¶ ÅË¹å»Ë¹�Ñú°�Ô��6Õ<Ô �7×ÞÔ
äËÅ¾ÏÛÅ¾É�³ÀÙL¹ ! ³À·�ê�·�áËÍÃ·�Ù�ÏÀé¾¹nÏÀ·�Ù�´nÄ�á¾Ä�¹2ÜJÈ¾¶�³µ¹ �µäè´n¶�·�É�³üâÎ±�·�ÿYÙj³ü¹6Éè»Ë¹å¸�³üû<ÈÃÊ�ÜJ·�¸nÉèÅ¾Ùj·�Ù�´n·�³µ¸n·ËÂ

°�ä¾ÅËÏÀ¿Ã´)·�´n·5¹åê>·�Ù�Éè·�áÃÈÃÏÀ±jÅË¹åÏÀÅ¾ÙSÊËÄ�¸n±�Ä�´�ÔbëjÈ¾á¾Í�³µáLÅ¾¶5â¥·�É�³ÀÙj±�³Àá�Å¾¶�þðÁ � ·�á¾ÍÃ·�ÙjÏÀé¾¹nÏÀ·�Ùj´nÄ�ájÂ ù Å¾ÜjÜjÅ¾´
Ä�´���Ä�ä¾Ä�´�¶èÑ ù ��×�Õ 
�
 �Ëâ¥êJ·�Ù�ê>·�ÏÛ»Ø¹n¹¼»ËÊèÅË¶7³ÀáÃ·�ÙjÏÀé�äË»¾ÏÛÅ¾´�¶�¹�Ô�ëYÅ

n ≤ 5
Â��&Ïµ¹åÅ¾ÏÛ»¾Ù�ÈÃ´

n
âÎ¸�·ñÅç´n¶�·�¸n¶�é�ÑÒÓÖÕ�×

½�³µÊ@ÊË·�·�ÏÀéË¹n¹�³À´�Éè·�¸�¹�Ïµ·�á í�ÈÃêjêvêJ·�½�´�ÏÀÄ�´ ��Ä�äÃÄ�´n¶&Ä�´�ß�Å¾¸åÅËÙD¹nÈÃÜ>ÈÃÝjÏÀÈ¾´6Ñ��&ß@×3Õ 
�
��ËâÎ·�´Ö½�³ÀÊDÊËÄ�ê>·�Ùè¹åÅ¾ÏÛ»ËÏÀëYÅË¹n¿��
·�´�¶�·�¸�³ÀÙL¹&þºÁ��%êYÅ¾Ï<ÈÃÏÀ±YÅËÏÛÅ&Ïµ·�áLÅËÏÛ»¾êjê

2 ·(2n)−n/2
Â °ÚÊ¾Ä�¸n±jÄ�´nÊËÐÃ¸�¹ ÜjÏÞÂ¾Å�Ñ Ì
ÅË¹ ÁÃÔLÌgÅË¹[Õ@Ô@Ì�Ì0Ô	�6×j½�³ÀÊDÊ¾·�Ê

¹¼»¾¸�á¾ÍLÅËÏúín»¾ÊbÂ
°}±j³À´�´n¶�·�¸�¹å»¾½�³µ¿ � Â � Â��jÂç¹åÄ5¹å·�ÏÀÄ�ê>·�Ù0Å¾¶�·�ÉèÏ �µ¹å·5¹n¹ ! ³µ·�ê<âÞ÷øÄ�ÏÀ·�ÜJ·�¸nÉèÅ¾Ùj·�ÙL¹å»¾ÏÀ³µ´7·�á¾Í¾·�ÙjÏµé¾¹åÏµ·�Ùj´�Ä�á�·�á¾Í

ëYÅË÷øÙj³À»¾ÙjÈÃÊD¸nÅÇä¾ÈÃÙYÅË¹nÊ¾ÈÃ¶�¿ìÅ¾ÙYÅ¾ÏµÈÃáÃÈÃÙ�ín»Ë¹�³ÀáÃÅ¾¶�ÈÃÏòí�ÝjÊ��
ëjÅ
A

äËÅ¾Ïµ¿Ã´�Ô ´n¶�³ÀÉ�Éè·5¹å¸n³µÊDÝj´�Ô ÜJÈÃ¶�³µ¹ �µä§´�¶�·�Éè³ â
±j·�ÿjÙj³µ¹�Éè»Ë¹å¸�³üûJÔjÅËÊ@ÊËÈÃ¸

haf

(

A A
A A

)

≥ per A
þlÕ��

þlÅ � Â � Â��jÂ@¹åÄ�¹n·�Ï3äËÅ¾Ïµ¿Øín»¾êYÅËÙ�·�ÙjÙ�Ä�Ï_»¾Ïü¹¼Å¾ÏÀ»¾ÙjÈÃ´nÅ¾êjê��[Â�° �i³µ½¼Ê�÷øÈÃ¸�ÉçÝjÏÀÅz÷ø·�ÏµëYÅ¾´n¶�ÙY»¾ÏÀ»¾´å» äËÅ¾Ï�þnþ � ÂµÁÃÁ��4÷øÈÃ¸ºâ
ÉçÝjÏÀÅ7Å7±j³À´�´n¶�·�¸�¹å»¾½�³µ¿ÃêYÅ¾Ù ��Å7÷ø·�ÙL¹å³j·�á¾ÍÃ·�ÙjÏÀéË¹åÏÀ·�Ùj´nÄ�áÃ·�¹�·�á¾Í@ý�¹n¹n·�´�·�ÙSÙ�ÈÃ¸nÉè»¾ÏÀ³µ´�äËÅ¾Ïµ¿Ã´n¶ �ÀÙDöj´�Ä�áÃ³@ä¾»ËÏµ¹åÈ¾¶�¿ÃÊ
´n¶�ÈÃ¸n¶�ÅË¹¼Å�Éè»¾´nÈ@±j³µÊ�É�ÈÃÙj·�ÙL¹åÝjÉè»¾ÙYÅ¾Ê¬þ � Â��jÂüÁÃÂ>¹åÄ�¹n·�Ï �5Ô3ÉèÅ�í�±�äËÅ¾Ïµ¿Ã´�Ïµ³ÀÙj·�»¾¸n³µ´&÷øÝjÙjÊË½�³µÈÃÙY»¾ÏµÈÃÊ^´n¶�È¾¸n¶ ÅØ¹¼Å
ÙjÈÃ¸�ÉS»�ín»ËÙYÅ¾Êgþ � Â��jÂ � Â�¹åÄ5¹å·�Ï �)Å¾Ïµ´n¿vêJ·�½�´�ÏÀÄ�´�Ä�ëj·�¶�ëYÅË´n¶�Ùj»¾Ïúí�ÝjÊ�÷ø·�ÏlÂÖ°�¶Q·�¸�·�±jÉ�Ä�ÙLÍ �

||f1 · · · fn|| ≥
(

3
√

3

e
n

)−n/2

.
þ � �

ôÖ¶�·[û<ÜJÈÃÙ�·�Ùj½�³Û»¾Ïµ³À´�÷ Å¾ÊL¹nÈÃ¸n¸nÅ¾Ï@ínÅ ä��µ¹ ínÅvÅ¾¶vÑ��&ß@×�½�³µÊ@ÊDê>·�Ïµ³\êJ·�½�´�ÏÀÄ�´º¹ Â
° � Â � Â��<ÂË´n·Îíº¹åÄ�´�êJ·�ÙS·�á¾Í�ÅvþlÕ���·�á¾Í¾·�ÙjÏµé¾¹åÏµ·�Ùj´�Ä�áÃÙ�Ä�ÏY»¾Ïü¹¼Å¾ÏÀ»¾ÙjÈÃ´nÅ¾êjêç·�á¾ÍÃ·�ÙjÏÀéË¹åÏÀ·�Ùj´nÄ�áÃ·�¹�É�ÈÃÙj±�ÈÃÊ�ÊD³ÞÔ

Å¾É�·�ÏµÍ@ê>éÃÏ3ÊËÐNäÃ·�¹nÊ¾·�¶�ÙjÄ�Ê�Å¾¶�þðÁ ��·�á¾Í¾·�ÙjÏµé¾¹åÏµ·�Ùj´�Ä�ájÂ

'����)� �����@�����&�3�����������.@ ��� ,��0�
°�¶

m × m
É�Ä�¸�·�¹nö

C = (ci,j)
Éè»Ë¹å¸�³üûS±j·�¹n·�¸�Éè³µÙY»¾Ùj´n»Ë¹6Ä�´2Ü>·�¸nÉèÅ¾Ùj·�Ùj´nÄ5¹&Å

det C =
∑

π∈Sm

(−1)π

m
∏

i=1

ci,π(i), per C =
∑

π∈Sm

m
∏

i=1

ci,π(i)

Ê¾Ä�ÜjÏÀ·5¹å·�ÊDÊË·�Ï�±j·�ÿjÙj³Û»¾Ïòí�ÝjÊbÔ�Å¾ëjÈÃÏ
Sm

Å¾¶
m
âÎ·�±�÷øÈÃÊDãì´n¶�³ÀÉ�Éè·5¹å¸n³µÊDÝj´�½�´nÈÃÜ>ÈÃ¸�¹�Â0° ±�³À´n´�¶�·�¸�¹¼»Ë½�³À¿ � Â Õ<Â

÷ø·ðí�·�¶�·�¹nÄ�ê>·�Ù�ÜJÈ¾¶�³µ¹ �µä�´n¶�·�É�³üâ¥±j·�ÿYÙ�³µ¹ Éè»Ë¹n¸n³üû<ÈÃÊ�±j·5¹å·�¸�Éè³µÙY»¾Ùj´n»¾¸åÅ<ÔÃ³ÀÏµÏÀ·�¹�äÃ· ÜJ·�¸nÉèÅ¾Ùj·�Ù�´nÄ�¸�·)äÃÈÃÙjÅË¹åÊËÈÃ¶�¿
�



ÊDÏÛÅ¾´�´n¶�³µÊDÝj´�·�á¾Í¾·�ÙjÏµé¾¹åÏµ·�Ùj´�Ä�áÃ·�Ê¾·�¹&á¾Í@öØíº¹nÐ¾¹n¹n·�É²ÐÃ´�´n¶�·¾Â ù Ä�Ïµ±Y»¾ÝjÏlÔjëYÅ

C =

(

B′ A
A∗ B′′

)

≥ 0,

Å¾ÊDÊ¾ÈÃ¸ ! ³À·�êàÑ ! ×_·�á¾ÍÃ·�ÙjÏÀé¾¹nÏÀ·�Ùj´nÄ�áÃ·z´�¶�·�¸n³ÀÙL¹

per C ≥ per B′ · per B′′.

°.±j³À´�´n¶�·�¸�¹å»¾½�³µ¿ÃêYÅ¾Ù^·�ëjëj·�¶zÅ¾¶�Å¾ÏÀ»¾êjêj³\·�á¾Í@´n¶�·�¸nö
Ä�´�¶�¸n·5äÃÄ5¹å·�Ïü¹&÷øö�¶�¹å·�É
Â
<\�2�\� �Y���.¦ ����¦ �Y® �L« �¾� ° ! ³À·�ê@âÎ·�áËÍÃ·�Ù�ÏÀé¾¹nÏÀ·�Ù�´nÄ�á¾êJ·�ÙzÅË¶�¹�Å)÷ø·�Ïü¹åÄ5¹å·�Ïü¹ ÔNëjÈ¾á¾Í

C
ÜJÈÃ¶�³µ¹ �µä2´n¶�·�É�³üâÎ±�·�ÿYÙj³ü¹ Ô

ëj·�ÏüÍÃ·5¹n¹å·�´ �ü¹åëj·5¹ í�ýjÊàÅ¾¶�¶ Å¾Ï4Å
áËÍÃ·�Ù�áÃÄ�êjê0÷ø·�Ïµ¹nÄ�¹n·�ÏÀÏµ·�ÏlÔ�ë�ÈÃá¾ÍàÅ
B′

Ä�´
B′′

»Ë¹nÏÀ¿Ã´QêjÏµÈÃÊDÊ¾ÈÃÊ+É�³ÀÙj±j·�á¾Í@³ÀÊË·
ÜJÈ¾¶�³µ¹ �µäè´n¶�·�É�³üâÎ±�·�ÿYÙj³ü¹ Â °&¶Q³À´nÉ�·�¸º¹6êj³µ¶�ÈÃÙLÍ��µ¹å»¾´�´n¶�³µÙL¹å·Q´n¶�¿è´�¶�·�¸�³ÀÙL¹&»Ë¹nä@³µëj·�¹néjÂ

'��('�� � "§� =�,������ �Ö���ð�����@� =��0�
<\�2<\� �Y� ¡��z¢'@�� 3 ��
����l�
>ª
°

2n × 2n
ÉèÄ�¸n·�¹nö

C = (ci,j)
Éè»Ë¹å¸�³üû ù ÷ Å %>â¥ÜJÈ¾ÏÀ³ÀÙ�ÈÃÉñín»Ø¹�Å

pf C =
1

n!2n

∑

π∈S2n

(−1)πcπ(1),π(2) · · · cπ(2n−1),π(2n)

Ê¾Ä�ÜjÏÀ·5¹n¹å·�Ï_±j·�ÿjÙj³Û»¾Ïòí�ÝjÊbÂ ��Å
C

Å¾ÙL¹å³µ´n¶�³ÀÉ�Éè·5¹å¸n³µÊDÝj´�Ô<Å¾ÊDÊ¾ÈÃ¸
(pf C)2 = det C

Â
��Å

A
Ä�´

B n × n
ÉèÄ�¸n·�¹nö^ÉS»Ë¹n¸n³ û�È¾Ê>Ô�Å¾ÊDÊ¾ÈÃ¸�¹å·�ÊD³ÀÙL¹å´�ýjÊæÅ

(−1)bn/2cpf

(

−λA B
−B A

)

=

bn/2c
∑

t=0

ptλ
t

ÜJÈ¾ÏÀ³ÀÙ�ÈÃÉèÈË¹ Â
<\�2<\� �Y� �N«��N¦ �ð��� �*��� �%(.� -

A
) "

B
/0&��1� "

n × n
6 )%+/�%$ � 6!	)$�+%1�� 5 -�% � �*��� �%(

A
&)(�$�12"���1 6�6 �%$�+712-03 "

) "
B

"���1 6�6 �%$�+712-03�"�% � &
B

��5���1 $
	 / "����%6�1�� *��$# (�1 $
�
&0- -�50+

pt ≥ 0
6�1 (�*��%(

t
1 (�*�� � +���% � &

B��5���1 $�	 / *��$# (�1 $
�
&0- -�50+

pt > 0
6�1 (�*��%(

t ≤ (rk A)/2
1 (�*�� � +/� ) "

pt = 0
6�1 (�*��%(

t > (rk A)/21 (�*�� � +/��%

<\�2<\���\� �N«��N¦ �ð��� �*��� �%(.� -
A

) "
B

/0&��1� "
n × n

6 )%+/�%$�� 6!	)$�+71�� 5 -
�
&���5��

A
&)(�$�1��'"���1 6�6 �%$�+%12-03�" ) "

B
"���1 6�6 �%$�+%12-03�"�% � �*��� �%(

λ ≥ 0
% � &

B
��5���1 $
	 / "����%6�1�� *��$# (�1 $
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