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cw

MjT
(x−y)w y

[ \XA-F4A-\ R����#2-iai3/kMjilU��aYjic � T i�QhZcS-NF� J7[R4./7Z.�"�
f
\ WdKb:^O ]HKbO2��Oa:=h-@�<

y
[�_k<TF

M
4�/kMOQ�PLS7N-R%S

w ∈ M
R VaR ilg%S

cw = 0
 �G �2g<�cR V n�MjK)�cR b7^lMWPµQOJ7K ilP@/kMWKLQhMWT ZcS°ZcK@�cMWS

V : Fn → 2Nn JT2��.�"'cg%S��~i�g%^4i&27S-[L4|MjQhR K@�°g%^4ilg [;[jg%V T%KLR ilRh'cg��cR%V KfR%VaT%YWKLKfU,/kMjKLQhMWT%Zc[cd
b5UcK�YjKLKXg V_'Wg<�cR V�[~P@'Wg iaR%Kfi3McK R%K ilR [;PfS�i3'cR V(y) = ∅  U�R<���WR%S |V| =

∑
y∈Fn

|V(y)|  
� V D�Kb:�.dF4e O`GdDShTK �aM I(V)

MWT�`WVaVaT R%V¡ZcK(��MWS
f
�µZcKfPLS7ZcQ�ZWi°i Mj^ i MjKLQhMWT%T%M54�MWQ�R%K@�

QOJ7KfiaP)�7KfP)� Pfi YjVlMAQhPfS7N7R%S
y ∈ Fn

R%VaR ilg S
y
d+bkMjS V(y)
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I
YZD�K _�A-\ K0/ O`GdDShTK ] A-F : A?@�<TFJ<-Q?QRA-B

U <TK <T\XD�KVT U �=>dDk@ V <TK >dD�_�BN<TO�\ W Kb:`O0W%<TKb\ <?l D�Kb:�.dF4e O`GdDShTK g�<��-W%< \ OaFHGdD�F Qy

]HBCOa\X��B
QRA-\(] A-F4D�F%@?D >dD�F4D�BNhTKYW%<T:'/

x − y U hTKb:6A�l�/?QT_Z/-KTYZD�K0� ]H[a: D�:`: y [ \XA-F4A-\XA?Q?QT<TK\�

]i�_^ 8` �
  � acbedf`=g]�hbjik`=l`
nm<� �om
� \A^ `cb7S7R ^4d+R KLQ�g%KfR i�MWK M��;�aMWPLSkMj[©R KLVaM��aYji&� i YWVaM J-ilYWS Q�Yj^aPLVh^lYjiag%^�/7R i327S7[ MWT R KLV�M
[WZcQOb-PLSkMjiaZc^aPf[mMWP5g V�MWK)�WR%b7^aMWPuMjKL[mMWKLQhMWT%YWVlMWPfS7[~^lM54~MjQhR K@�cR [h[j`cT%`WV�'cZcSkYjVlM54 /7Z���� MjT
I(B)

PLN-R�YWK�\A^ `cb7S7R ^4d+b7YWT%PfVlYWSkMj[�Q�R<�./kMmi YW^ ZcT�YWVaYWS�MWK M"�7J7KLS7MW[R4�M�/7ZcK
B

MjT
F

ilR V i

p



n
'cg<�WR%V ^ag%V T</kMjKLQhMWT�YWS7MW[
N-PL^aR [�iAVaT%ZW^aT�Mmi M5 � T R%KfV3M]Pfi i&i Yj^3���cMWKfi_R ^aR N7Qhg S�� f2Mmd

^aPLQhM�� m���� R����"ilg ilR%Kfg%S7R ["R<���;VaT R%^�O©b-PLT%ZWS;�#� i YWVaM5 �
B

N7ZcbµZcT%b7MWS 'WR iai
V

g%V
V c[WZcQH�7KLR QhR S�ilR%^Cd �µZcS�il^ R%S7N7V T%R ^aR%[jR i�';PLT V3��YjKLJ7S7[RK;P)��MjT%ZcKfJ7S7[OR�����`cVaV T%R�JT25�.�cg%V4i

I(V )g%V
I(V c)

f�PLKLbµR%^4i d!JT2��.��'Wg%S��cR Pc[W`cT `Wiai<4jPfKLKfR i3'WR�Q�R<�cQOJ{i MjiT� J7[�R S7S7R [_R<���AMjKL[mMWKLQhMWT%Ymd
VlYji bµZ;ZcKbJT2�����'cg S;�WR%[ bµZcS��cZWKLJ7K ilVlY"�cR%KfQhg KLR iag%bµR%S8 �

B = {0, 1}n
V��5R��%P YjKLPLVER%V R il^ R

'cZcSkMmil[WZWT%U J Zc^aQ�J7K Yji R<�"�cg%b-[Wg%S�i���PLS�ilg ^Og%V	��UcS��cMWP
� m��� Q�YWV QhU;N7ZcS P)��MjT%ZcK i YW[R 
� m  IEJ R � R%T%R i�R%^ R%N7Q�g%S��cR Pfi�$�[WRW'cg%V b5g�YWKfilMWK YjS7ZcVlMjShi Yj^3���cMWK@'jM`$�� k.k� `cV VaT R�J Z.�cKLMWKLU
�%PL[~[;27S7[~bµR%S=�-J7b7KLPf[mYWKfiaJ7[R 

� Q�YjVaPL[�MWKL[mMWKfQ�MWT%YWV&il`Wb7b�'WYjKfilZWT%UcVh�µZcKLPfS7ZcQ�R<���WR%S7KfR ilR [�'cg��cR%V ilR%V4ilR [QJ R KLR i ilP
QhR��cZcKLN5/kMjilUWVlY���Yc'jMWK.J Z.�WK MWKf[WZcT PL[R ���g N7R%P;R<��� V R �4ilg VaR�� m��� R%Kfg<�cV g<�cR V J R Kfilg ilR KfiDQhZcS-N
MW^a^aM54�/7Z.�"� R<�"�[�µZcKLPfS7ZcQ�SkMW[°QhPf[WZc^>'WMjS �"�c`c[jR R����i'Wg<�cR V-�-^3�LQ ilR%V4i�J R%KfR i ic >H�R Q°d
^ag<�"Q�R<�c� R%KfR%S�i�� m���� QOJ-S7[mY��aYWbkMWS���UcS���MWPXMWN7ZWi i R%KfKLR%S5�5g KLNkYji M�VaR �4iag%V�YWK i MWKLYWS7ZcV
R%VaR ilg ^aR�4|J��"��MWSkMj[;[jZc^ V3�µR<� P YWKfPLV�MWK MW[;D]�µZcKLPfS7ZcQ�Zc[~^lM MOVaR �4ilg%V iaZ�'jYWb-b7^lMOPfVXS��{P ilZWi ic 
AB�"����g N7R%Pfg%S7g KsS-g%Q�PLKLR�� R%^�McVaR b7b J R KfilRW'cg VaVaR K�g K@'cRAP@��MWT%ZWKP� J7[�M°V R �4iag%V i&YWKfilMWK YjS7ZcV3� d
ilZWi i&N7PLM��cZcSkYjKLPLV��µZcKLPfS7ZcQ�Zc[~^lM5 *AC/�/7R T � KfZcS�[jZcQOb7PfSkMjilZW^aPL[~J7V�S~J7KLK@/7R%K(�~ilg iaR%Kfg i�� m��
/kMWVaT SkYWK\� J7[[J R%K145MjQhR K@�cR i2\A^ `cb7S7R ^4d+b7YWT%PfVaZcV ilR ^aQ�PLS7ZWKLU.�cPLYc'WMjK5[~PLQ�ZcS7N-J7S7[]g%V�b5R PLV
b7PLT ZcS��7� ilJ7S-[L NA�T%R S
iag ilR KLR [�� I �� �%Pf[~[#2-S7[~b5R S_� R%KfR%S�ilR [ Q�R<�� 

� ������� 5�" 9�025 3 143 )/.�)���1�� )�( 7f+�' 3d" )/'%" (;$ )*" )3,c"%)
�����������! �:#" Mj%$CO�K � U�R����cR S

V ⊆ Fn
4kg V�iaR<���#27[[J R K!47/7Z.���

V ⊆ B1 × B2 × · · · ×
Bn = B

S7g</7YWS��
B1, . . . , Bn ⊆ F

'Wg<�cR V&S7R Q	27^aR V-/7MWKLQhMWT%^aM5 �A�[~[WZW^
B
/7MWKLQhMWT i

GdAT_�A�l~SkMj[8S7RW'cR%T T<27[R �
V & B [�_�D�KbO(' QRA-\(]HKLD�\XD�F :6D�BED V c = B \ V

 U�R<�"�cR%S
ki = |Bi|

4
k = (k1, . . . , kn)

g%V
k =

∑
i∈[n]

ki
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-<*)=N,+�O%- N/.�>�:;
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m = 0, 1, . . . , k−

n
� <-Q?QRA-B

I(V )
�k@

I(V c)
� OaK _�D�BC:^[ Y43T>?> U ��F�TRD�OaBkD�< QRj U D�: QRDSl-e j?@k@Sl-D Y43P>?>@�k@ :6D�K gZDk@53dK76

HI(B)(m) − |V | = HI(V c)(m) − HI(V )(k − n − m − 1).
f�MW^aPfQ�M�R ^aR N7R iaP>iag iaR%KLR°M[J R S~iaPLS7g K>YWKfilMWK YjS7ZcVlMjb7b=�µZcS�il^aR S7N7V T%R%^ R%[~^aR9'cZcSkMmil[WZmd

T%PL[R � Q�PXb7PfT%ZcS��#�filYWVaJ7S-[$R<���;V T%R%^�O �µZcKLPfS7ZcQ d+V T�YWQH�filYWVaZc[jZcS MWK M��-J7K!4>MWQ�R%K(�;S7R%[
�cR%^ PLS�� g i�MWTAMWKLYWb7b7P�[jg i2YWKLK@�filYWVE[jg<�µR%T P! 
�������8�3�:9):2-;- N �=< l

I(B)
O`GdDShTK BEDSGTW,QThTKb: i BEjT_�F4D�BC[�_kh?l�OL@�< :6D�:a@Sl-e-KLD=>dDk@ :f<?>-@?A-BC[BkD�FHGTBED

G =

{
∏

b∈Bi

(xi − b) : i ∈ [n]

}
.

�������?> �%��
�
� � ��� �A@ D=>�T,D�F
xw
A-KVTT<TF \XA-F4A-\6� <T\XD�KVT-BED

wi < ki

\ OaFHGdD�F
i ∈ [n]Dk@?D�:'��FH� S Q?QRA-B

xw ∈ Sm (I(V )) ⇐⇒ xk−w−1 ∈ Lm (I(V c)) .

�



� m  I. k iag ilR K VaR��.�fiaVag<�Wg�'cR K�R���� g%^ N7R%[jR%VhQhPfS7PLQhMFV$YWKLK@�fi YjV i,J Z���MWKLQhMWT�/kMjilJ-S7[
QhR���bµZ{ZWK.JT2��.��'Wg%S��cR [ bµZcS��cZcKfJ7KfiaVlY��WR%KLQ�g%KfR iag%bLMcKWPfVaQ�R%^ i�Q�R%S-S;�;PfVag<�WR%[_[W`WT%`Wi ic 6f�M
V ( B

4XKfR<���WR%S
a(V )

M
V
deS8R Kfi&O-S�M

Sm (I(B))
d+bµR%KfP QhZWS7ZcQ�Zc[mMji i MW^4i MWKfQ�MjT%U

�5ZcKfPLS7ZWQhZc[][j`cT<2-K>M¡Q�PLS-PLQhYWKLPfV�J Zc[~VaT�YjQ	D J Zc[mM5 ,f�M ∅ 6= V ⊆ B
4�MW[~[jZc^

b(V )
M

KLR<�W[;PfVaR b7b
d

R<�Wg%VaT"4µMWQhR K@�;^aR
HI(V )(d) = |V |  

���������3�������H:C�	��:9A#- 7@MFG���
 D=>�T3,Q YZD�KY� W AS>�T ∅ 6= V ⊆ B
� S Q?QRA-B : D�K gZDk@53 KY�-W AS>�T

a(V c) + b(V ) = k − n.

� �=�c� � . +�'c, + 0 &(96'(5V3;+�"%9 ,  %(;'h (.6.�()/.�� 3 143 )/.6) 1�(��;1�"()/9 (d)P8P3 1�( )
� m  I. m KLR%Q�QhM�ilR [~PLS�i&/7R i&M � KLZcSO[jZcQOb7PfSkMjiaZc^aPf[;J-V�S~J7KLK@/7R%K(�~ilg iaR%Kfg%S7R [ R����OYmi3J Z.��MjK d
Q�MWT%YWVlYjSkMW[R 	A�T i M�iag ilR Kfi_^ R%S��WR ilR�� � PL[~[~b5R S�M��eS7R%Q�R%K i&O7S-g%VaPsilg ilR%KfR%S��O[WR ^aR%V T i327K
MWKL[mMWKfQ�MWT T�YW[R 
�����3�����e587C� :@
 <���
��HM M :2- :@
����jM 7;�BO � 7C� :@
�: PR� @ D=>�TRD�F4DkQ ∅ 6= Bi ⊆ F

W%<TKb\ <?l-A?Q �
|Bi| = ki & i ∈ [n]

' � �k@�KLD=>�TRD�F
f ∈ F [x]

A-KVTT<TF ] A-KbOaF4A-\6��<T\XD�KVT-BED
deg(f) =

n∑
i=1

(ki − 1)
�k@ <T\XD�KVTP_�D�F

xk−1 =
n∏

i=1

xki−1
i

D=>�T3 :`:�W%<T: /6g�< F4D�\���� S Q?QRA-B
f
F4D�\

:�.dF OLQ D�K <
B = B1 × · · · × Bn

GdAT_�A�l-A-Fk� <?l?<?l
f 6∈ I(B)

�
��g%N7R PRU�YWVaT KLU I	� p�� debkMWS°Q�R<��J Z.�cMWKLQhMWT%ZjiaiDR<���°V R �4ilg V iN'cg��cR%V ilR%V4ilR [	J R%KLR iaiaP �5Zjd

KLPLS-ZcQhR����cR S7KLR ilR [�Q�R<�cZcKfN�/kMjiaUcVlY"��YW^aUWK! 6+�YW^A��UcS��cMWP�QOJ-ilMjilZWi i�R%KfKLR%S5�5g KLNkYji MWT YWK d
i MWKLYWS7ZcV R VaR ia^aR"4µb-PLT%ZWS;�WZcV��5ZWKLPLS-ZcQhZWVaT ilYWK@�WZc[~^lMOM V R �4ilg V�P@��MWT" 

U�R<�"�cR%S
p
�7^��LQ 4

f ∈ Fp [x]
�5ZWKLPLS-ZcQ 4 g%V�ilR����#27[ J R%K!4�/7Z.���

f xi

d+bµR%S 'cR i i
J Zc[mM�G ^a`S';PLN7R S

degxi
(f)

nXKLR<�"J R%KP� R b7b
p − 1

Q�PLS-N7R%S
i ∈ [n]

R VaR ilg%S: d YWV�VaT U�'jMWK
f^aR%N-J7[mYWKfi

I(Fn
p)

\A^ `cb7S7R ^4debkYWT%PfVlYW^aM S7g%TW'cR� 
� T

f
�5ZcKfPLS7ZWQ BN<TFd> �aM M$KfR<�c[~PLV R%b-b

r
�5ZWT%Pfi3�@'©R<�Wg%VaT"4_MWQ�R%K(�{^ R

f
/7ZcQ�Z.�cg S

KLPLS-R�YW^ PLV�'jYWK ilZcT U7� VaR%^ g�'WR%K
r
'jYWKfiaZcT%UWVaVlY�iaR</7R i&M� NA�T i�^lMjS��

(f) = r
� R%KL`WKLP! 

�����3���3� � :"! � 7@� < JL7$# :@O PR�o� <
f ∈ Fp [x]

F4D�\ QRA-F%@�:f<TF%@��
degxi

(f) ≤ p − 1
& i ∈ [n]

' � �k@
deg(f) ≤ ^lMWS5�

(f)
� <-Q?QRA-B

f
[ F4DkQ U <TF�>�T,j?QRD Fn

p

[�_�D�FH�

�����3�8�3�  �:�" Mj $CO�K � AC���
p
�-^3�LQ�^aR"4�MjT

f(x) =
n∑

i=1

aix
d
i + g(x) ∈ Fp [x]

hTKb:=<TK hT[
F4A?@Z[a:6A-:`: GTO`<?>dA-FHhTKbOL@ ] A-KbOaF4A-\^4�MWQ�R%S7S��;PLbµR%S

1 ≤ d ≤ p − 1
4

a1 . . . an 6= 0
g%V

deg g < d
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 D=>�T�3RQ YZD�KY�%W AS>�T ⌈ p−1

b p−1
d c

⌉
≤ n

� S Q?QRA-B <?l
f =

n∑
i=1

aix
d
i + g

hTKb:=<TK hTF4A?@Z[a: A-:^: GTO`<?>dA-FHhTKbOL@c] A-KbOaF4A-\ FH<-Q U <TF�>�T,j?QRD Fn
p

[�_�D�FH�

�



� b-PLT%ZWS;�#� i YWV�/7ZcT MWT i�[WR KLK7Q�R<�WQOJ-i MmilS7P14�/7Z.�"�
f p−1−1 6∈ I(B)

4~M�/7ZcK
B = Fn

p

 
�>R VaV32-[�`cV VaT%R°M m  k  p ilg iaR%K�YWKLK@�fi YjVlYji�M ��g%N-R%P deVaR �4ilg%V VaR K! hf2M

f
YWK i MWKLYWS7ZcV��filZjiai

N7P M��WZcSkYWKfPLV��µZcKLPfS7ZcQ 47MW[~[WZW^
d = 1

R VaR iag%S ^aMWS��
(f) = 1

4µ[;27Kf`cS~b5R S�^lMjS��
(f) = n

 
A>T R%["VaT R%^ PLS�i ��g N7R%P>VaR �4ilg VaRhMWT i YWKfK)�fiT�aM54:/-Z.���

f
d+S7R [�'jMWS �"�c`c[jR�4 /kM

d ≤ n
 iA�T

'WMjK MWQ�P@'WR%K ���WR%S��cg b7b�J R Kfilg ilR K�GT/kM�� VlMW[¡S7R Q
d|p − 1

nW4|Q�PLS�i ⌈
p−1

b p−1
d c

⌉
≤ n

45MWQ�PL^aR
VaT<2-[;V g<�.2-S7[ 'WZcKfi�M m  k  p ilg iaR%K�b7PfT%ZcS��#�filYWVlY"/7ZcT� 

�X��� �Q�����3lh����
A>b-b5R S¡M�^ag VaT%bµR%S]bµR%Q�J-i MjiT� J7[�M	U�RWVh�aYjilg [WZWi<4-MjQhR K@��M iag%T%PfV�/kYmil^lMjKLR�'�M�^ g%VaT g%bµR%S
[W`cT��5ZcS�iaPEV T%R%^ R<�µR i`J Z.� [jM"�7S7P! � U�RWV[�aYjiag%[WZji	U�R�M¡g%V��;ilMWSX�aYjiaVaV T�M5 iAB�"�"S;J-KLK M
N7PLQ�R%S7T PLUcVEPLN7R%YWKug V R<����QhZWS7ZcQ M*�aYjilg [i�kMj^lMWQ�g iaR%^aR P!4{MWQ�R%K@�WR%[hQhR��./kMjilYW^aZcT T�YW[R4
/7Z.���"Q�R%K(�{Pf[^�aYmilg%[jZcVaS7MW[ 'WMjS S��cR ^3M
V il^aMjilg��cP YS�aM5 HAB�"� ^a`.�WT<�fiaR i i

I
PLN7R%YWK�R%V R iag%S

MWT%ZcS]Q�ZcS7ZWQhZc[_/kMjKLQhMWT�M54;MWQ�R%K(�;^aR��~i MWS iaJ7N]S��cR%^ S7P
Stan (I)

 � N7R�YjKLZc[°R<�"� P)�WR%S
VaT%g KLR V � VlMWKLYWNF�aYW^aMXR%T M*/7MWKLQhMWT�Q�R<�cR����cR T%Pf[_M KLRWV{Pf[WZ.�c^aM��k[~J7V�^aR S7N7R T%g%VsVaT R%^ PLS�i�'cR i i
Sm (I)

/kMjKLQhMWT%T%MWK!47�)��� iaR</kYmi&M%�aYjilg []R%T R%S�PfN7R�YjKLZc[~^lM°M°KLR V V i MjS7NkMW^ N�Q�ZcS7ZcQ�Zc[
R<���][jZcQOb7PfSkMjiaZc^aPf[;J-V � R%KLKfR%Q�T%g Vag i�MjNF�aM5 

� p  k J R � R%T%R ilbµR%S]P@��MWT%ZWKP� J7[R4�/7Z.�"�°R<����QOJ7K ilP@/kMWKLQhMWT
I
R%Kfi3O7S�M PLN7R%YWKP�aYj^lM J R%S7S;d

YWKLK145/7Z.�"�
Stan (I) = Sm (I)

 
� ^aYW[W`S'cR il[jR%T<M=J R � R%T R ilR i�[jg i MWK(J R � R%T R ia^aR°ZcVaT ilZWi ilJ7[R � T°R KLV3MWb5R S bµR%b7PfT%ZcS��#� d

ilJ7S7[ R<��� ilg ilR%K i>M°G�^ R%N7J-[jYjKfi n�\A^ `cb7S7R ^4d+b7YWT%PfVaZc[ �CMjK MW[<�aYW^ UcK �>[jg i�'WYjKfilZWT%UcVC�µZcKLPfS7ZcQ d
���#O7^3O7[]R VaR ilg%S: �A�T%R S�R%^ R%N7Q�g%S��~i�$¡MWQ�R%K(�cR i�R<���Wg%b7[jg%S�i_`cS7QhM���YjbkMWS]PLV g ^aN7R [WR V4d
S7R%[]�cZWS7N7ZcKfJ7S7[_$]M	J R � R T%R i�QhYWVaZ;N7PL[�^ag VaT g%bµR%S J R K)/kMjVaT%S7YWKP� J7[�MWS7SkMj[ b5R K YjilYWVlYj^lM54
/7Z.���

Stan (I) = Sm (I)
ilR KP� R%V�27KµZcK@�cMWS

I
PLN7R%YWKLZW[;^aM PfV<4{MWQ�R%K@�WR%[_�µZcS�i �aMWPµQhR��c[;2{d

KL`cS~bµ`cT iaR i&/-R i&M;R%[ MWTAJ-ilZcKfVaU [jg i�[WZ;Zc^aN7PfSkYjilY�� J7[ MjK M��#�aYjS8 
� Kfg%S��cR��cR%V R%S�^a`S';PLN7R b7b p  m J R � R T%R iab5R S"[;PfN7R%^�27K!4:/7Z.����YWKfilMWK YjbkMWS

Stan (I) 6=
Sm (I)

 d R<��J Z.�cMWKLQhMWT%J-S7[¡R<����VaR �4iag%V4ic4sMWQ�R%K@�
VaT R%^ PLS�i
Stan (I)

GT�%VlMj[#D5���.4�Q�PLS�i
Sm (I)

n MWT
F [x] /I

'WR%[�ilZc^4ilg ^aS7R [ KfPLS7R%YW^aPfV�bkYjT%PLVaM5 
A�T%R S$^ag VaT J{ilZcKfVaUXJ R � R%T R iaR R<���

Stan (I)
Q�R<�./7Mji YW^ ZcT�YjVlYW^aM V T%ZcK@��YWKLU MWK@�cZc^ Pfi d

QOJ7V i°ilYW^3���cMWK!4>MjQhR K@��ilR</7Yji�MWT¡R%K@Mcb7b7PfR%[�VaT%R ^aPfS~i�V Zc[$R%V R iab5R S
Sm (I)

[~PLV T�YWQH� d
i YWVaYW^lM"PLV-� U� � KfR<�.���WZc^aVaMWb7b©PLV QhR ^ i�MWK@�cZc^aP ilQOJ-V�R%K i&O7S5M�PfN7R�YjKLZc[�KLR V V ilMWS7NkMW^ N
QhZcS-ZcQE�aMjPLSkMW[�Q�R<��MWN7YWVlYW^aM
	�R%^aKfPLR S��%Z°g%V d J7^ R%N7N-J�R%K\�aYW^lYjVlM�� I ���  � Q�P�MWK)�WZc^aP i d
QOJ7VaJ-S7[�J��"��MWS7R T i M9J R K MWNkMmilZWi%/kMjilg [WZcS��cMWb7bkMWS 'cg��cT%P�R%K! � T YWK i MWKLYWS7ZcVaMWb7b�PfN7R d
YWKLZc[~^aM�PLVOQ,O7[W`;N�M"PLV QhR ^ iOQ�U;N7VaT R%^aR [ Kfg%S��cR��cg%bµR%S©QhPfS7N M +�J5�0/;bµR%^��cR%^ $ d `cKfKLR ^
MWK)�cZW^aPfiaQOJ7VC'jMW^aPLYWS7VaMWP!4;MWQ�R%K(�cR%[~S7g Kb';PLV T%ZcS�i�MjT_YWKfilMWK YjS7ZcVaVaY��cg ^ iN�%V R%^ag b5REJ J-ilYWVaPfN�Mjd
'cR%K [WR KLK��kT R ilS-P! � QhR S7S��;PLbµR%S

Stan (I) = Sm (I)
ilR%K\� R%V�27K!4sMW[~[WZW^�MWT�MWKLYWb7b7PLMW[cd

bkMWS ilYW^3���cMWKfi MWK@�cZc^ PfilQ�J7V&ilJ7N-ZcQ�YjVaJ7S7["V T%R%^ PLS�i M KLR��./kMjiag%[WZWS;�cMWb7b Q�U{N-VaT%R ^ KfRWV
V i MjS7NkMW^ N�QhZWS7ZcQ�Zc[�[~PLV T�YWQH�filYWVlYj^lM5 � Q�U{N-VaT%R ^ i*'cg��cR%V �µZcS�il^ R%S7N-VaT%R ^aR [�R%K i&O7S5M
PLN7R%YWKP�aMWPf^lM��;PLS��cJ-K MW^E�7^ Z.�c^aMWQObkMWS"KfR<�7^ Z.�c^lMjQhZcT ilJ7[R4�M¡[WU;N M]ilg T%PfVhJT25�.�cR%Kfg%[jg%bµR%S

�



QhR��Wi MWKLYWK)/7MjilU� 
� �aYjiag%[WZji2R K)McV T%`c^ � k �� �%Pf[~[#2-S7[~b5R S=�7J7b7KfPL[mYWK ilJ7[R4kMWThG Pfiai ilYW^3�"��MWK i nXYWK i MWKLYWS7ZcV

J Zc^aQhMH�µR%N-P)� � k I � � PL[~[~b5R S�VaT R%^aR��5R K!45R<���#2-i i_MhQ�J7KfiaP)/kMWKfQ�MjT%ZcVXR VaR il^aR�'cZcSkMmil[WZWT%U
b7PLT ZcS��7� i YWV VlMWK1 � p  m J R � R T%R i&R%^ R%N7Q�g%S��WR%P�R N7N7P@�hS7R QZ� R%KLR S�ilR%[]Q�R<�5 � T MWK)�WZc^aP i d
QOJ7V

I = I(V )
R%V R il^�McK�VaT UcKLU]'jYWK ilZcT%Mji Yji_M�� k ��� �%PL[~[�ilMW^ ilMWKLQhMWT T�M5K�MWT°YjKfi MjK YWS7ZWV

R%VaR i2R S7S7R []�%VaJ5�kYWS�R����;VaT R%^3O
QhU;N7ZcV��filYWVlM5 

� ����� � � )�� 89*V3 13, (@$45�&%* .���5�9
U�R����cR S

I
S~J7KfK M$N7PfQhR S7T%PfUcViJ R KLbµZcQhKfU$PLN-R�YWK142MWQ�R%K(�;S7R%[ �7^aPfQhg ^[J R%KLbµZcS�i YjVlM�G�I�n

MWK MW[;D g V_KLR<�"�cR%S
w ∈ Nn

 �A�T%R%S �kMj^lMWQ�g iaR%^aR [�^ `.�cT<� ilg VaROQ�R%KfKLR i i&M �~i MWS g VhU�R%M
YWKfilMWK#�aYjiaVaT%Zjiai

Lex (I;w)
�aYjilg []M [W`S'cR il[jR%T<M5 

U�R%M�g V �;i MWS PLV PfVaQ�R%^ P�MWT
I

PfN7R�YWK iXg V2M
w
'cR [�ilZc^4ic 

I U�R�M^'WYjK MWV T i
wn

G S7R%Q�J R Kfiag ilKfR%S¡[;27KL`WS;bµ`cT�M~n�R%KfR%Q�R i
F
d+bLMcK! 

�;i MjS$G U�R%MOilP)�5�#� R%PfS7R%[ PfVaQ�R%^ R ilg b5R S|n>'jYWK MjVaT i�R����
yn ∈ F

d+R i< 
U�R<���WR%S

rn

MWT
yn

Q�J7KfiaP)�7KfP)�%P i YWVaM�U�R%M°iaP)���#� R P�[W`WT%`Wi ic 
k U�R�M°QhZcV4i

wn−1

G�S-R%Q�J R Kfilg ilKfR%S¡[;27KL`cS~bµ`cT<M�n�R%KLR QhR i�'jYWK MWV T i�MOilR V iabbMcK1 
�;i MjS$G U�R%MOilP)�5�#� R%PfS7R%[ PfVaQ�R%^ R ilg b5R S|n>'jYWK MjVaT i�R����

yn−1 ∈ F
R KLR%Q�R i< 

� T
rn−1

R ^aR%N-Qhg S;�~iOG
yn−1

deR%[ V T�YWQhYji*U�R�M ilP@���#� R P�[W`cT `Wiai nX^a`.�cT��fiaPL[R 
 < < $G � �aYjiag%[ J��"��MWS��@���iJ ZWK@�~i MjiaU{N-PL[°ilZS'jYWb7b8 n
n

U�R�M^'WYjK MWV T i
w1

G�S7R Q J R%K ilg iaKLR S][#2-KL`cS~bµ`cT<M~n�R KLR QhR i
F
debbMWK! 

�;i MjS 'Wg<�.27K G U�R�M ilP)�5�#� R%PfS7R%[hPLVaQ�R%^ R iag%bµR%S|n�'jYWK MjVaT i�R����
y1 ∈ F

deR ic 
� /7R%K(�cR%V�ilP@���µR%[�V T�YWQhM KLR����cR S

r1

 
� R����#27[QJ R K!4 /7Z.��� MWT D�BEDSGT\X��F�T U DkQ-: A-B r = (r1, . . . , rn) ∈ Nn

 U�R%M �µZcS�ilZcVaMWS
MW[~[WZc^]S��cR ^ iaR%VaR�M �aYjiag%[~SkMW[R4*/kM

xr ∈ Lmlex (Qy)
 � T i]Q�ZcS7N�� J7[R4*/-Z.��� U�R%M

G�PLKfKLR i3'cR��;i MWSkn S��WR%^aPsM-�aYjiag%[WZjic4 /kM^'jMWS¡S;�WR%^�M�V ia^lMjiag<�cPLY��aM5 
>j�������3�! �:#" Mj%$CO�K � AC���¡^ `.�cT��filR iai

I
J R%Kfb5ZcQ�KLU�PLN7R%YWK)/7ZWT&KLR����cR S

Stan (I) = {xw :
�;i MWS S��cR ^aPsM

Lex (I;w)
�aYmilg%[jZWi }

M � :=<TF \XA-F4A-\XA?Qi/kMWKLQhMWT%M5 

�



� �=�c���  .f3%9� 5 .�025 $ +-,�� 3 5 ' 0 +�'%+ 0 8,5�9
A J R � R%T R i`JTM iag iaR%KLR°V T%R%^ PLS�i�M U�RWV[�aYmilg%[�[WZcQOb-PLSkMjiaZc^aPf[~J7VAKLR<�f^lYWVaYjiAMWN��aM
MWT

I(V)MWK MW[;D¡PLN-R�YWKfZc[hKfRWV¡V4i MWS-NkMW^aN Q�ZcS7ZcQ �aMWPLS7MW[R 
>j���3����� 587C� :@
 <?>�:;
��BAC:9DHEFG�I JLKHMFGHN�OQPR� @ D=>�T,D�F V U �=>dDk@ <TK >dD�_�BS<TO \ W Kb:`O0W%<TKb\ <?l �
S Q?QRA-B

Smlex (I(V)) = Stan (I(V)) .

d R���J Z.��MjKLQhMWT</kMmi � J7[ M KLRWVhV4i MWS7N7MW^aN Q�ZcS7ZWQhZc[ R�[WZcQ�b7PLSkMmilZc^ PL[~J7V KLR<�f^lYWVaYjiEM
�aYjilg [ S-g%KL[;27KsPLV�M�[W`S'cR il[WR T<Mc[�VaT%R ^aPfS~i< *f2M

y ∈ F
g%V

m ≥ 0
R��cg%V T�4�Mj[;[jZc^2KfR<���WR%S

Vy,m

MWT M	'cg��cR%V�QOJ7K ilP@/kMWKLQhMWT
Fn−1

de^aR�4|MjQhR K@�;^aR2iaR iaVaT<MWKLR<�WR%V
y ∈ Fn−1

R%V R iag%S

Vy,m(y) =
{
m ∈ Nn−1 : (m, m) ∈ V(y, y)

}
.

>j���3�8�3�F587C� :@
-<?>�:@
��BAC:9DHEFG�I�JLKHMFGHN�OQPR� � < V U �=>dDk@�<TK >dD�_�BN<TO \ WdKb:`O0W%<TKb\ <?lZ� n ≥ 2�k@
w ∈ Nn

� <-Q?QRA-B

xw ∈ Smlex (I(V)) ⇐⇒ wn <
∣∣{(y, m) ∈ F × N : xw ∈ Smlex (I(Vy,m))

}∣∣ .

� � � ��� 5 89"(' ) 0 *�.f3%5�.'*�'%+ ( �()/.�� $ )43�� 76+�' 3;+-,
� �� � :@
����jM�� O�#j:9��
 !BN�O
� [W`S'WR il[jR%T�M"iag iaR%K ZcK@�cMWS

I E F[s, t]
PfN7R�YWKfZc[�^ R%N7J7[mYWK i�KfRWV \_^a`cS-R%^4debkYWT PLVlMjPfi�� R%K d

KLR%Q�T%P14uMjQhR K@�cR [~^aR
t ∈

√
I

g%V
t ≺ s

 EA�^aR N7Qhg S��72-S7[�VaT PLS�ilR�VaT%U¡V T%R%^ PLS�iAYji�';P)/7R i&M
MW^a^aM�MjT R VaR il^aR"4µMWQhPf[WZc^

t − y ∈
√

I
iaR%K\� R%V32-K G

t ∈
√

I
/-R%K@�WR i i nW4|M"/7ZcK

y ∈ F
 

>j�8�3���3��5f7C� :@
 < > :@
��BAC:9DHEFG�I JLKHMFGHN�OQPR� @ D=>�T,D�F
IEF [s, t]

O`GdDShTKY� <T\XD�KVT-BED
t ∈

√
I
�

� D�KLj-K gZD
`w

<
min{` : swt` ∈ Lm (I)} D=>@�k@Sl @Sl?hT\XA-: & w = 0, 1, . . .

' � <�W A-K
Lm (I)

<
t ≺ s

OaFHGTW,QThTKb:=< KLDNM BkD�FHGdDSl��k@ @Sl-D�BCOaF : ��BC:6D�FHGde�� � <
g(s, t) ∈ I

�k@
lm (g) = swt`w

��<-Q?QRA-B
g(s, t) = c · swt`w +h(s, t) U <TK <T\XD�KVT c ∈ F

QRA-F%@�:=<TF%@�BS< �k@
h(s, t) ∈ F[s, t]

] A-KbOaF4A-\ BN<�� <T\XD�KVT�BED : D�K gZDk@53 K
degs(h) < w

� :6A U hR_?_kh t`w
A?@Sl�: g�<

h(s, t)
] A-KbOaF4A-\XA-:2�

� !B�;� 7 � - N ! #eM :2- ��
 � N�
���M �H� E :@
�G3AC:9�	�
	��HMF�	� �/+RN
A>K@McVaT `c^OV T%Zc^ T�Mji PfN7R�YjKLZc["KLR VQJTMWi M��c�aMWPf^aUcK�QOJ{i MjiaJ7S7[�b5R [jg i�YWKfK)� i YWV4ic4DMWQhR K@�WR%[�M
J R � R%T R i*JTM ilg iaR%Kfg%S7R [ b7PLT ZcS��#�fi YjVlYWbkMjS [~J7K@�%V VaT%R ^aR��5R iN�aYjiaVaT�MjSkMW[R 
>j�8�3�?> ����
�
� � ����� 
 D=>�T�3RQ�YZD�KY� W AS>�T

I1

�k@
I2

F W KaK < GTOa\XD�Fdl�O2/?@ YZD�K _�A-\ K0/ O`GdDShTKLA?Q �
<T\XD�KVT,DkQ-BED : D�K gZDk@53 KY� W AS>�T�W%<

y
<?l

I1

�
z
<?l

I2

D=>�T ] A-F : g�<�� <-Q?QRA-B
yn 6= zn

� � <
xwxm1

n ∈ Lmlex (I1)
�k@

xwxm2
n ∈ Lmlex (I2)

� <-Q?QRA-B
xwxm1+m2

n ∈ Lmlex (I1I2)
�

�



� [W`S'cR il[jR%T<M YWKfK)�filYWV /kMWV ZcS7KfU2VaT R%^ R<�µR ib�aYjiaVaT PL[ JTM�iag iaR%K)2-S7[AP)��MWT ZcK YjVlYWbkMjS84�QhPfS~i
MWT°R%K)MWb7b7P!4uN7R KLg S;�WR<�cR VaR S$S7R</-R%T%R b7b bµR%b-PLT%ZWS;�#� i MWS7P1 � T

x̃ew
P iai n−2∏

i=1

xwi

i

QhZWS7ZcQ
^a`S';PLN�� ilg%V R� 
>j�8�3���3�%��
�
� � ��� � @ D=>�T,D�F

I1

�k@
I2

F WdKaK < GTOa\XD�Fdl�O2/?@ YZD�K _�A-\ K0/ O`GdDShTKLA?Q �
<T\XD�KVTRDkQ-[
BkD W%<

y
<?l

I1

�k@
z
<?l

I2

D=>�T�] A-F : g�<�� <-Q?QRA-B
yn = zn

�k@
yn−1 6= zn−1

� � <
x̃ewxm1

n−1x
wn
n ∈ Lmlex (I1)

�k@
x̃ewxm2

n−1x
wn
n ∈ Lmlex (I2)

� <-Q?QRA-B
x̃ewxm1+m2

n−1 xwn
n ∈

Lmlex (I1I2)
�

>j�8�3���3��5f7C� :@
 <?>�:@
��BAC:9DFEHG�I JLKHMFGHN�OQPR�)� <
I
F WdKaK < GTOa\XD�Fdl�O2/?@/YZD�K _�A-\ K0/�O`GdDShTKY� �k@

I
: D�:a@Sl-e-KLD=>dDk@ Q3 KLj-FH_�j�l-e

y, z
] A-F : g�<TOaBS<

yn 6= zn
U <?>�T yn−1 6= zn−1

� <-Q?QRA-B

Stan (I) = Smlex (I) .

�P] D���O`hTKbOL@�<TF W%<
n = 2

� <-Q?QRA-B : D�: @Sl-e-KLD=>dDk@ F WdKaK < GTOa\XD�Fdl�O2/?@�YZD�K _�A-\ K0/�O`GdDShTKe� :f<TF
�k@�KLDNM @�:f<TFHGR<TBNG \XA-F4A-\cg�<TO \XD=>dD=>�T,DSl�F4DkQ��

� � � � � $!*�.f3 5 .'*�'%+ ( )�(d)43
� KfilMWK YjbkMWS¡M V ilMWS7NkMW^ N
g V�M �;ilMWS¡QhZWS7ZcQ�Zc[h[;27Kf`cS~b5`WT<M;R%[R 
p  p  I9��� ��K GR<C��U�R<���WR%S

I E F [x1, x2, x3]
M

Q(0,0,0) = (x3
1, x

2
2, x

3
3, x1x2 + x2

3)
g V

Q(1,0,0) = ((x1 − 1)3, x2
2, x

3
3, (x1 − 1)x2 + x2

3)
�7^aPfQhg ^2PfN7R�YWKfZc[¡VaT Zc^aT%Mji M5 G PLV T�Ymd

QhZcK@/kMjiaU�45/7Z����
x2

1x2 ∈ Smlex (I) \ Stan (I)
47Q9�@�

x4
1x

2
3 ∈ Stan (I) \ Smlex (I)

 
f�MWbkYW^

Smlex (I)
g%V

Stan (I)
S7R%Q R<���WR%S7K@Mc[R4N/7MWVaZcS-KLU�ilJ-K M�� N7ZWS7VlY��WZc[�iaR%K\� R d

V327KfS7R%["^lYS� J7[R � T i�V R �4iT��27[R4 /7Z.�"�
Stan (I)

M V4i MWS7N7MW^aN QhZcS-ZcQhZW[�/kMWKfQ�MjT�Y�/7ZWT
/kMWVaZWS7KLU�MjSOKLPfS7R�YW^ PLVsbkYWT PLVlM_MjT

F [x] /I
'cR%[�iaZc^ iag%^aS-R%[R d PLS7N-R%S7R VaR ia^aR�MWT�R%KLR QhV T�YWQ

QhR���J R%KfR%K)M R�/�/7R T� 
>j�?> ���3�-��
�
� � ����� @ D=>�TRD�F

I
:6D�:a@Sl-e-KLD=>dDk@
F WdKaK < GTOa\XD�Fdl�O2/?@VYZD�K _�A-\ K0/ O`GdDShTK\� S Q?QRA-B

|Stan (I)| =
N7PLQ

F (F [x] /I) .

� ���c� � 3 5 ' 0 +�'%+ 0 +-, ,�9'(;$F* 0��f3;* ( 5
� [W`S'WR il[jR%T�Mc[~b5R S bµR%QOJ-ilMjilJ-S7[
R���� ���cZW^aV&[jZcQOb7PfSkMjilZW^aPL[~J7V�MWK@�cZc^aP ilQOJ-V ic4|MjQhR K@�
S;J-KLK M$N-PLQ�R%S7T PLUcViJ R KLbµZcQ�KLU$PfN7R�YWKfZc[ �;i MWS�Q�ZcS7ZcQ �aMWP ii/kMmi YW^ ZcT%T%M Q�R<�54-J R%K ilgW'cR�4
/7Z.��� PLVaQ�R%^4i MWT G�I�n�MjK MW[;D �7^ PLQ�g%^hJ R%KLbµZcS�i YjVOg%V

Smlex (Qy)
/kMWKfQ�MWT Zc["QhPfS7N7R S

y ∈ Fn
R%V R iag%S8 

I �



�3ACK��QN � � N�M #jN + # - �FM � -�!BN�O
A>K@McVaT `c^ S7g%Q�P�R%K@M�J R%KfN7ZcK)�WZcT�YWV4i 'cg��cT<2-S7[ V QOJ7K ilP)/7MWKLQhMWT%ZWS��2N7R��kS7PLYWKP� J7[�M

T (V)VaT%U"J�Yji�G �"�c`c[jR%^aR VEJ�Yjic4uMWQhR K@�;S7R [ � V3D�� VlMWP6���LQ�[Wg T%R i ilR [-n  `f2M
n = 1

4uMW[~[WZc^
T (V)���c`c[jR%^ g%S7R [ |V| �"�cR%^ QhR [WRi'jMWS:4�MWQ�R%K(�cR [ QhPfS7N�M J�M¡KLR�'WR%KfR%P! [f2M

n > 1
4�MW[~[jZc^

T (V)
�"�c`c[jR%^ag S7R%[]�"�cR%^ QhR [WR P�M�^aR [;J-^aT<�('cRAQhYW^�g ^ ilR KLQ�R%T R iai

T (Vy,m)
VaT U�J�YW[H���c`md

[WR%^ R%P>Q�PLS7N7R S R<���WR%V ZcK@�cMWS
(y, m) ∈ F × N

�kYW^ ^lM54�MjQhR K@�;^aR Vy,m

S-R%Q 27^ R%V� �
T (V)

J�MOMWK)�WZc^aP ilQ�PL[~J7V�[~PLV T�YWQH�filYWVlMAR<���hR<�"�cR%KfR%Q	O]Q�J7KfiaP)/kMWKfQ�MjT�J�Y��aYWbµUcK|[~PLPLS-N7J7K d
'WM il`W^ ilg S�/7R ic4kR<�"�cR%V g�'WR%K /-ZcT%T%YS'Wg�'WR,�µZcS�i d+Q�J7KfiaP)�7KfP)�%P i YWVB�kYj^aZc[mMji< 

U�R<�"�cR%S
T
���c`W[WR%^ R%V^J�M54>MWQ�R%K(�;S7R%[ M�KLRW'cR%KfR%PEQhPfS7N MWT

n
d+R N7PL[�VaT PLS�ilR S ilMWK YjK d

/kMjilUcMW[R f2M
T

R<���WR iaKLR%S �5ZWS~iab5UWK�YWKLK G
n = 0

nW4XMj[;[jZc^�KLR<�"�cR%S
Sm (T ) = {1}  AB�"�cg%b-[Wg%S�ihMW[~[WZW^�Q�ZcS7NF� J7[R4 /7Z.���

xw ∈ Sm (T )
4 /kM
M����W`c[Wg ^aS7R [ Kfg ilR T%Pf[�KfR<�jd

MWK YWb-b
wn

���cR ^aQ�R%[jR�4_MWQ�R%K(�;^aR
xw

V ilMWS7NkMj^aN�QhZWS7ZcQ �aM$MWT"MWN7Zjiai]���WR%^ QhR [#/-R%T
i MW^4ilZcT U�^ g%V T�J�YWSkMj[L 
>j���3���3�������H:C�	��:9A#- 7@MFG���
 D�:a@Sl-e-KLD=>dDk@ F4D�\ 3dBkDk@�<TK >dD�_�BN<TO \ W Kb:`O0W%<TKb\ <?l�BN<

Sm (I(V)) = Sm (T (V)) .

A�T%R S�i&D7KsilR</7Yji ���W`c[WR ^aR V J�YW[¡V i MjS7NkMW^ N�QhZWS7ZcQ �aMWPLSkMj[�[~PLV T�YWQH�filYWVlYW^aM_J Z��cJ7S7[
[WZcS�� R%S�il^aYWKLS-P! 
� D�G��$!BN��	� �BACK��QN

 R KLg����fiT��27[°MWT

Sm (T )
R%KfR%Q�R%PLS-R%[ VaT U�J�Y��aYjiXM�[W`S'WR il[jR%T�Mhg ^ ilR KLR QOb5R S8 � R iaVaT<MWKLR<�WR%V

�%V3D5�%V`���cR ^aQ�R%[WR P�^aR S7N7^aR°M
0, 1, . . .

VaT%YWQ�Zc[~[jMjK�KLR VaT S7R%[�PfS7N7R V-R K@'WR� 61 �"�
U

R����
lKLR�'WR%Kfg</7R Thi Mj^ ilZWT%PL[ R����

w ∈ Nn
'cR [~iaZc^<4�M�/7ZcK

wi

MjT
i
d+R%N-PL[ �<�fQh[jR�M ���c`W[Wg%^ bbMWK

l
deb5R-'cR%T R i3MHD{ilZcS8 	�g KLJ7S-[L45/7Z.����Q�R<�c[jZcS7V ia^aJkYjKP� J7[

U
V T%U�J�Ymic47MjQhR K@�;^aR2MWT

U
d /-ZcT

i MW^4ilZcT U_'WR%[�ilZW^aZc[]�µZcS�ilZcVaMWS
Sm (T )

R%KLR QhR PLS7R [�[~PfiaR�'�M�'WR%[�ilZW^lMWP�KLR VaT S7R%[R 
� T2MWK@�cZc^ PfilQ�J7V�M [j`S'cR ia[WR T<Mc[jg<���µR%S J Z.�cK MjK)/kMjiaU_`cVaV T%R" �

T
J�MAQhPfS7N7R ShKfR�'cR KLg i

R%K)MWVaT%`W^OKLR ilR%V VaT�27[
U
���c`W[WR%^ g%bµR� QA�T%J-ilYWS©M�KLRW'cR KLR%[�KLR Vag i YWKfSkMW[

U
J�YWbkMWS84�QhPfS7N

R<����d+R����)[;27Kf`cS~b5`WT<M$KfR�'cg KLbµR� � ��MjT�YWbµUcK*Mc[ J Z��S�aYW[ g����fiaR%S7P�Q�M"�cJ7[©R%K)Mjiai�MYJ�Yji��
QhR��cQhZWS7NF�aYW[R4�/7Z���� QhPfK@�WR%S©VaZc^ VaT�YjQ	D �%V�D��%V bkM$VaT R%^ R ilS-g%S7R [�ilZS'jYWb7b-KLg<�-S7P! � T
MWK YWb-b7PDV T�MWb7YWK@�~i&[j`S'cR iaPL[�M�KLRWJ R%KLR`'jYWS7N7Zc^ K YWV [WZc^���/kM M

T
[Wg i

l1
MWS7N

l2
KLRW'cR%Kfg</7R T

i MW^4ilZcT U�4
T
���W`c[WR ^ag b5R	'WR%T%R i&MXD-i&M

T
J�M

(n − i)
d+R N7PL[¡VaT PLS�i � g S QhR ilV T%PsR<���;QhYWV i<4

MW[~[WZc^
U
debkMWS R�KLRW'cR KLR%["MjT

i
deR%N7Pf[�VaT PLS�ilR S$QhYW^AS7R%Q KLR�/7R iaS7R%["R����#2-iai< d PLS7N7R S

KLR�'Wg%K|MWTXMW[�ilJkYWKfPLV6� V3D�� VlYWS7MW[OKLR��c[~PLV R%b7b°VaZW^aVaT%YWQ	D_���WR%^aQ�R%[jg%bµR�Kfg<�°Yji<4~MWQ�R%K@�;Pf[;[jR%K
S7R%Q V g%^ iaP�QhR���MWT_R%K@McT<M°VaT%MWbkYWK(�~ic 

� Q�U{N-VaT%R ^�J Zc^aQhYWKfPLV KLR<�f^lYWVaYjiXQ�ZcV4i�QhR KLK)MWT%T<2-[L G � R%^aQ�g%V T%R ilR%V R%S�M°N-PLVaV T%R ^ i Y�d
�%PLUWbkMWS¡R%TAPLV V T%R ^aR<�µR%K1 n
>j���3���3�n5879��:;
8<?>�:@
��BAC:9DFEHG�I JLKHMFGHN�OQPR� < YZD�F :^O <TK >dA-BCOa:^\ WR@ hTKb:f<TK <RGdA-:^:

U
@Sl�/6Y�<

@Sl?< U <TOaFH<-Q	W%<TKb\ <?l?<�� ]R] D�F Sm (T )
Q-Oa:6D U e U DkQ-: A-BN<TOaFH<-Q6W%<TKb\ <?l?h U <TK D=>�T,DSl�OLQ \XD=>C�
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>���� ���BO #��
>j���3��43� 5f7C� :@
f<?>�:;
��BAC:9DHEFG�IhJLKHMFGHN�OQPR� @ D=>�TRD�F

r
<

T (V)
[�_�D�KbO \ <ZMPOa\ hTKbOL@ >�T,D�BC[

\XDkQ?@Sl?hT\ � S Q?QRA-B <(YZD�F :`O=DkQT_�D�F _�D�\ W :=<T:6A-:`: <TK >dA-BCOa:`\ W,@
Sm (I(V))

Q-OL@Sl?hT\XA-K h-@�hT:
O (|V|nr)

D�KLD�\ O�\ . U D�KLD�:^: D�K U �=>?l�O D�K\� < YCWd:fh-@�O`Gde & hTKb:=<TK hR_k<TF GTWdB U <5'(YZD�K @?e _�D��k@�[K0�k@?D
O
(
|V|2 n

) �
�>R����#27[ g%V T%^ R�4 /7Z.�"� VaR Q

T (V)
4-V R%Q

U
[WZcS-V il^ J7[�� PLUF�aM°S7R Q /kMWV T%SkYWK5ilR%V4ilbµR%KfP

Q	O5'cR KLR ilR%[jR i<4b� VaJ��kYjS
R����cR S7K)McV g<�WiaR%V T il^ R�'jMWS¡VaT�27[~Vag��
F
d+bµR%S8 

�H��� �Q�����3lh���� �
��� �
��� �h
 l`� �om�� ` � � ���������W����
� U�R V��aYjiag%[hP)�cR S[/kMjiag%[WZWS;� R%VaT [W`cT S~J7KLKLM�N7PfQhR S7T%PfUcV�PfN7R�YWKfZc[h\A^ `cb7S7R ^4deR%KLQ�g%KfR iag d
b5R S8 � iag%T%PfV6/kYjia^lMWKfR�'�M&^ag VaT%g b5R S°VaT�YjQhZcV �5g KLNkYc'jMWK;P)���WR%[~VaT�27S7[OR T%R%S�YWKfK)� i YWV J7S7[mMji
MWK YjilYWQhMWVaT i MWS7P1 � T �  I�J R � R%T R i R%^ R%N7Q�g%S��cR Pfi [~P@'Wg�'cR�MWT R b7b5R S M_^ag VaT b5R S�ilYW^3���cMWKfi
ilg iaR%KfR%[ [jZc^lYWb-bkMWS PLVXPfVaQ�R%^ iaR%[H'cZcK i MW[R � U�RWV��aYmilg%[�VaR<���filV g<�cgW'cR K D���47R<���;V T%R%^�O7b7b
g%V�i MWKLYWS]R%KfR<��YWS-VlMWb7b b7PfT%ZcS��#�filYWVaZc[mMji MWN7J7S7[�R%T%R [~^aR� 

� T �  ICJ R � R T%R ilbµR%S b5R b7PLT ZcS��7� i � J7[&MWT isMWT>R KLV3MW^aR�Q�R<�cKfR<�LM�YWKLK@�fi YjV ic4</7Z.��� {0, 1}n/kMWKLQhMWT b5R KLP*�5ZcS�iaZc[mMji]i MW^4i MWKfQ�MjT%U 'Wg<�cR V
Q�J7KfiaP)/kMWKfQ�MjT%Zc[$PfN7R�YjKP�aMWPfSkMW[ ^aR N7J7[mYWKfi
KLRWV�\A^ `cb7S7R ^ bkYWT PLVaM JT25�.�cR iaKLR S�MWT"MWK M"�-ilR V iai3McK! � T �  I� I [j`�'WR ia[WR%T Qhg S�� G R<���
V3�µR<�%PLYWKLPfV2R VaR iab5R S|n&M]U�RWVH�aYjilg [;^ UcK�V T%UcKfU � k��� � PL[~[~b5R Si� R%KLR S�i_QhR���4uQH�)� MWT �  I. k
[W`S'cR il[WR T%Q�g%S��~iAR%N7N-P)�°S7R%Q��7J7b7KfPL[mYWKfiaJ7[R 

� T�QhYWVaZ;N7PL[=J R � R%T R i�M�V T%PLQ�Q�R il^ PL[~J7V`�5ZWKLPLS-ZcQhZW[ MWK M"�-ilg ilR%Kfg%S7R [ \ MW^ VaPLMmdaJ g KLR
YWKfilMWK YWS-ZcV3� i YWVaYS'jMWKA� k��� J Z.�cK MjKL[WZWT%PL[R � b7PfT%ZcS��#�filYWVaJ7S-[ � k.k�� f�R<�cR N�O7V°g%V ��UcS���MWP
� m I � QhU;N7VaT R%^ g%S7R [ R<���;V T%R%^�O7V3� ilg VaR� 

� ilg T%PLV�R%T J-i YjS)[W`S'cR il[jR%T<M ^ g%VaT R%Pfb5R S 'cg��cR%V
VF

/kMjKLQhMWT%Zc[ R%Kfi3O7S�M�PLN7R%YWKP�aMjPfi
J Z.�S� J-[='{PfT%V���YWKLS-P!4DM�/7ZcK

VF

R<��� F /kMWKfQ�MWT ^aR S7N7VaT R%^ R%KfR%Q�R%PLS-R%[ [mMW^lMj[~iaR%^ PLVaT ilPf[;J-V
'cR%[�iaZc^lMWPfb5UWKDYjKLK! � T �  m J R � R%T R iab5R S�J R%KfPLN7g T<27S7[�R<���¡S7RW'cR V_YWKLK@�filYWV i<47MWQ�R%K(�

I(VF)V i MjS7NkMW^ N�QhZWS7ZcQ �aMWPfi<47PLKfKLR i�'cR`f�PfKLbµR%^4i daJT25�.��'cg S��cg i�[mM��L�%VaZWKP�aM°`cVaV T%R�ilMW^ ilMWKLQhMWT�YjVaP
Q�Yjia^aP V-ZW[�^lMjS��S�aYc'jMWK1 A�S7S7R [°QhPfS~ilY��aYW^aMAbµR%Q�J-i MjiaJ7S7[OR����°QhYWVaPf[�ilg ilR%K i PLV<4~MjQhR K@�
MWT�R T%J-ilYWS�[j`S'cR ia[WR T<M	J R � R T%R ilbµR%S [jR%^32-KuMWKf[mMWKLQhMWT�YjVa^lM ��[;PfVaT%YWQhZWKP� J7[ R<���°b7PfT%ZcS��WZcV
i MW^4i MWKfQ�MWT%YWVaPuQ�Yjia^aP V]^lMjS��S�aYmic NA�T J-iaUcb7b7P�R ^aR%N-Qhg S;�Xg�PfKLVaZWS � m � � S-R�'cg�/7R%T�JTO7T<MjdN7PL[R � QhP�b-PLT%ZWS;�#� i YWV J7S7[ 
 ^aPfR%N7K�g%V ��UcS��cMWP � k � � QOJ7S7[mY��aYjS MjK M��7V T%Pf[L4�MjQhR K@�cR S
MiU�RWV^�aYjiag%[¡VaR��.�fiaVag<�Wg�'cR KsiaJ7N7J7S-[
R����;VaT%R ^3O7V��fiaR%S7P1 -A�T�MWT R ^aR N7Qhg S���V T%PLS�iag%S � k.k��
N7ZcK)�WZcT�MjiaJ7S7[~bkMWS,� R KLR%S�i�Q�R<�°R%K@McVaT `c^< 

������� ��)�� !#"%$�& '()*",+ & * $ 9 (@+-,�3; (.65 89" +�'%(@* ��5�9
d PLJ-ilYWS�Q�ZcV i�R<�"�{S-g%K�ia`cb7b�iaR%V iaR i J Z��cJ7S7[]ilR [~PLS�ilR S7P�R����;VaT%R ^a^ R�4�YjiaQhR S7R iaPLKfR<��b5R d
'cR%T R iT��27[ MWT

IF(V)
� R%Kf`cKLg V i�MWT

F [x]
d+bµR%KfP

I(V)
PLN7R%YWKL^aM5 

I k



����������� ���$�H:9� �H:9A#- 7@MFG��
@ D=>�TRD�F V U �=>dDk@ \ WdKb:`O0W%<TKb\ <?l Fn
[�_�D�F �k@�: D=>�T�3RQ YZD�KY�

W AS>�T�<
B = B1 × · · · × Bn ⊆ Fn U �=>dDk@ GdAT_�A�l V \ OaFHGdD�FX] A-F : g�hT:c:f<TBC:=<TKb\ <?lkl?<C�@ D=>�TRD�F
F̂
D=>�T \ h-@�OLQ : Dk@�: �

ϕi : Bi → F̂
] DSGTO > OaFZgZDkQ-:�[ U Y43P>?> U ��F�T & i ∈ [n]

'���� OaFHGdD�F
y ∈ B

Dk@?D�: ��F
ϕ(y) = (ϕ1(y1), . . . , ϕn(yn))

� �k@ < V \ W Kb:`O0W%<TKb\ <?l
QC� ] D V̂ �c<�W A-K
V̂(ϕ(y)) = V(y)

� S Q?QRA-B
: D�K gZDk@53 KY� W AS>�T

Smlex (IF(V)) = Smlex

(
IF̂

(
V̂
))

.

�P] D���O`hTKbOL@�<TFk�jW%< V \ OaFHGdD�F ] A-F : g�< < {0, 1}n
GdAT_�A�l?_k<TF U <TFk��<-Q?QRA-B Smlex (IF(V))Y43P>?>dD�:`KLD�F <?l

F
:6Dk@�:`: e-K\�

f�M
f ∈ Z[x]

4�Mj[;[jZc^OilR ilV T<McKfR<�cR V
F

ilR V i°R VaR iag%S©ilR%[~PfS~i3/7R iT��27[
f
�5ZcKfPLS7ZWQhZWi

F [x]
R%KfR%Q�R%[Wg S�iOG ^aR N7J7[mYWK@'jM°MWTAR<�"�72{iai&/7MjilUc[mMji�Q�Z;N7J7KLZ

p
4�/kM°VaT�27[~Vag<�WR%V n  

���������3�������H:C�	��:9A#- 7@MFG�� � < V \ OaFHGdD�F ] A-F : g�< < {0, 1}n
GdAT_�A�l?_k<TF U <TFk� <-Q?QRA-B

IQ(V)
BEDSGTW,QThTKb:

G i BEjT_�F4D�BC[�_kh?l�OL@�< D=>@�k@Sl D=>�T3 :`:�W%<T: /?@B� 
 D�: @Sl-e-KLD=>dDk@ F
: Dk@�:`BkD <

G
[ F4DkQ \XD=>NYZD�KLD�KLe

F [x]
[�_�D�KbOH] A-KbOaF4A-\6W%<TKb\ <?l�< BEDSGTWRQThTKb: i BEjT_�F4D�BC[�_kh?l�OL@�<X<?l IF(V)O`GdDShTKbFH<-Q��

���=�c� � (;$ 9�0 02)43 "%9 ,  %( 7f+ .696'%+ 0 +-,25�.65�7 3 143 )/.61/'()3, *�.f3 5�. *�' +)( �=+
3;* (d5

� VaT PLQ�QhR il^aPf[~J7V>�µZcKfPLS7ZcQ�Zc[ MjK M��-iag iaR%KLg S7R%[�MWT&MWK YWb-b7P MW[~bkMjS�ilYW^3���cMWKfiXYWKfilMWK YjS7ZcV3� d
i YWVaYji2\ MW^ VaPLM � k�� � MWN-ilM5 � iai�R<�"�]R<���;V T%R%^�O�b7PfT%ZcS��#�filYWV i�[j`cT%K@27S7[R 

� T
i
[SDSGTOLQ D�KLD�\ O @Sl�Oa\ \XD�:`BCOLQ-W,@ ] A-KbOaF4A-\

σi(x) =
∑

w∈{0,1}n, deg(xw)=i

xw
45J R%K ilg d

'cR�4R/7Z����
0 ≤ i ≤ n

 � T MjK YWb7b-Puilg ilR%K�P@��MWT" 
�����3������5f7C� :@
 <��LN,+���O�N/. ) :9D�:$# �j��I�� NkD�G�I�JXKFMHGFN O PR� 
 D�:a@Sl-e-KLD=>dDk@

f(x) ∈ F[x]] A-KbOaF4A-\ D=>�T9��BC: D�Kb\ . D�F [aB W%<T: / & U <TK <T\XD�KVT αw,u ∈ F
@Sl?hT\XA?Q-BS<5' <?l <TK hR_?_�O U �=>dDk@j?@k@Sl-D=> <TK <-QT_k<TF 6

f(x) =
∑

w∈Nn

w≤v

∑

u∈Nn

αw,ux
w
σ(x)u,

<�W A-K
v = (0, 1, . . . , n − 1)

�k@
w ≤ v

QRA?A-BNGTOaFHhT:=hTF%QC��F : ��BC: D�FHGde��
� b7PfT%ZcS��#�filYWV�R<���]'Wg<�cR V%�µZcS�il^aR S7N7V T%R%^�R%K i&O7S�M�PLN-R�YWK\�aYji�/kMWV T%SkYjKP�aM5 >U�R<���WR%S7R [

z1, . . . , zn

[;27KL`WS;bµ`cT�M�iaR%V iaR%KfR%Q�R%[ g V�N-R��kS7PLYWKP� J-[ M
V = {(zπ(1), . . . , zπ(n)) : π ∈ Sn}

/kMWKLQhMWT ic47MjQhR K@��iaR</kYmi
z1, . . . , zn

`cV VaT%R V%�µR%^ QOJ-i Y"�%PLUWPLbµUcKuYjKLK! 
f�R<�cR N�O7V<4 H�M�����g%V ��UcS���MWP R%^ R%N7R ilP`�%PL[~[;27[~bµR%S KfR<�L^ �aYW[)MjT

I(V )
KLRWV V i MjS{d

NkMW^aN"Q�ZcS7ZcQ �aMWP i2g V�\_^a`Wb7S7R%^2bkYWT%PfVlYji< � U�RWV9�aYjilg [�M]KLR V�V4i MWS7N7MW^aN�QhZWS7ZcQ�Zc[
[W`cS7S��WR%b7b Q�R<�./7Mji YW^ ZcT�YjVlYc'jMWKuR����;VaT%R ^3O7V��fiaPDM b7PfT%ZcS��#�filYWV i< 

I m
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A J R � R%T%R ilbµR%S©M \_^a`cb-S7R%^Cd+R%KfQhg KLR i [jZcQOb7PfSkMjiaZc^aPf[jMjP>MWKL[mMWKfQ�MWT%YWVlMjPfi_[jg%VaT��fiT��27[ R K)M� 
d R<�cR QhK@�fi327S7[ R<�"� PfVaQ�R%^4i
iag ilR Kfi<4AMWQhR K@� f�PLKLbµR%^4i d!JT2��.��'Wg%S��cR [�g V
ilMW^ ilMWKLQhMWT�YjVaP
Q�Yjia^aP V-ZW[�[W`WT%`Wi i�iaR%^ R%Q�i�[mM��L�%V ZcK MjiaZWic 
���8�3�����  :�" Me $CO�Kj��� <TKb\ <?l��k@�<TK hRG-ZcS='jM��"� W%<TKb\ <?l�BED�FHG-@Sl-D�BjR S

2[n]
R���� ^ag VaT�/kMWK d

Q�MWT%Yji�g ^ iT��27[R CIWR%Kf`cKP� R ([n]
m

) MjT
[n]

`WVaVaT R%V
m

R KLR%Q,OO^ag VaT</7MWKLQhMWT�Yjb5UcK;YWKfKLU*�%VaMWK YWN-ZWic4
g%V�KLR<�"�cR%S ( [n]

≤m

)
=

m⋃
i=0

(
[n]
i

)  

�
vF

'WR%[�ilZW^�MjT
F
/kMWKfQ�MWT�[mMW^lMW[�iaR%^aPfVaT ilPL[~J7V�'WR%[�ilZc^aYji � R%Kf`cKLP14

VF

�µR%N-P)�°MWT F/kMWKLQhMWT ^aR%S-N7VaT R%^AR%KfR%Q�R%P)/-R%T i MW^4ilZcT U¡[jMj^lMW[�ilR ^aPfVaT iaPL[~J7VE'cR [�ilZc^ Zc[ /kMWKLQhMWT%Yjic _AC���
/kMWKLQhMWT��%VlMjK YWN]R Kfi&O-S�M°PLN7R%YWKP�aM

I(F) = I(VF) = {f ∈ F [x] : f(vF ) = 0
Q�PLS7N7R S

F ∈ F R VaR iag%S } ,

M F � OaK _�D�BC:^[ Y43T>?> U ��F�T~RH�µR%N-P)� HF(m) = HI(F)(m)
 � [WZWQOb7PLS7MjilZc^ PL[mYWbkMjS

HFJT2��.��'Wg%S��~i �"��MW[~^lMjS)i MW^4i MWKfQ�MWT%YWVaP�QhYjil^ P(V{VaT%MWK�N7R��kS-P YWK\�aYW[�� MjT �  m  p YjKLK)� i YWV bkMWS
^a`.��'WR%V4i2Q�R<�cKLYji � J-[L47/7Z.���[/7Z.���cMWS8 
���8�3���3�  :�" Me $CO�Kj� G g i F ,G ⊆ 2[n]

/kMWKLQhMWT ^aR%S-N7VaT R%^�:f<TBC:=<TKb\ <?l?h-@�O�\ hT:^BCO M�M°R<���
|F|× |G| deR%V I(F ,G)

Q�Ymil^aP Vb4�MWQ�R%K@�OVaZc^aMWPkg%VEZcVaT KLZ.�kMjP F g%V G R%KfR%Q�R%P@'WR%KkPfS7N7RWV{R K d
ilR%[R � T

(F, G)
d /7R TAilMW^ iaZcT%U�R%KfR%Q �µZcS�ilZcVaMWS�Mj[;[jZc^�I�4 /kM

G ⊆ F
g%V � [;27KL`WS;bµR%S

G
F ∈ F , G ∈ G nW 
���8�3�8�3�! �:#" Mj%$CO�K � AC���

M ⊆ [n]
/kMjKLQhMWT%^aM

xM

M ∏
i∈M

xi

Q�ZcS7ZcQ�ZWi � R KL`cKfP! 

���8�3�?> �-��
�
� � �����

HF(m) =
N7PLQ

F

(
F [x]≤m

/
I(F)≤m

)
=

^aMWS��
F I

(
F ,

(
[n]

≤ m

))
.

AC���]/7MWVaZcS-KLU�YWKLK@�filYWV iNJ Z.�cJ7S-[[/kMWV T%SkYWKfS7P�MWT �  p J R � R T%R iab5R S��
���8�3���3� ��
�
� � ��� � @ D=>�TRD�F PF ,m

< \ WdKb:^OaKbOaF4DShTBCOL@
m
[SDSGNYZA?Q��	W A-\XAS>@��F ] A-KbOaF4A-\XA?Q?QT<TK

BkD ]HBEDSl-D�F :=hTKYW%<T:'/
VF → F

Y43T>?> U ��F�T,DkQ : D�BEDB� S Q?QRA-B

N-PLQ
F (PF ,m) =

^lMjS��
F I

(
F ,

(
[n]

m

))
.

I p
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� R [;PfS�ilV32-[hMjT

A = I
((

[n]
d

)
,
(
[n]
m

)) i MW^4i MWKfQ�MWT%YWVaP{Q�Ymil^aP V{ZWic4�M"/7ZcK
m ≤ d ≤ n−m

 
��P@�0/kMW^aN d  8g�PfKLV ZcS�� m � � R<���=/��L^ R%V&ilg ilR KLR°KLR��L^T�aM

A
N-P M��cZWSkYWKLPfV2MjK MW[<�aYjiAMjT�R��cg%V T

VaT�YjQhZc[ J R%KLR iai< A>S-S7R%[ [j`�'WR ia[WR%T Qhg S��cR%[jg<���µR%S g�PLKfVaZcS Q�R<��MjNF�aM
A

QhYjia^aP(V
FpJ R%KLR iaiaP�^lMWS5�S�aYji< 

�>R����#27[$g%V T%^ R�4N/7Z.��� ^lMWS��
Fp

A
g����5R S P([n]

d ),m
= Pd,m

'WR%[�ilZW^ ilg ^
Fp

J R KLR i ilP
^lMWS��c�aM"G�KfN �  m  � YWKfK)� i YWVlnW � R<���#27[=J R K!48/7Z����

m ≤ n
2

 ^AC���
M ⊆ [n]

4 |M | ≤ m/kMWKLQhMWT ^lM M KLR����cR S
yM

M°[W`S'WR il[jR%T�M S7g<�"�{T R iaQhR S~iaR%V-�5ZcKfPLS7ZWQ �

yM =
∑

M ′⊇M
|M ′|=m

xM ′ .

A>S-S7R%[ VaR��.�fiaVag<�Wg�'cR K7g�PfKLVaZWS ^aMWS���J Zc^ QOJ7KLY��aYji�M�[W`S'cR il[WR T<Mc[jg<���µR%ShQhZWS7N�/kMjiT� J7[_[~P! 
���?> �8�3� 5f7C� :@
 <�� O�
�� �HM .�>�+�O�:$#j
 I3JXKFMHGFN O PR�)� <

m ≤ d ≤ n−m
� <-QZQRA-B < Pd,m:'��B D=>�T KbOaF4DShTB�OL@�_kh?l�OL@�<

B =

{
yM : xM ∈ Sm

(
I

((
[n]

m

)))
, p -

(
d − |M |
m − |M |

)}
.

S _?_�e-K4QRj U D�:aQRDSl�OLQ � W AS>�T

N7PLQ
Fp

(Pd,m) = |B| =
∑

0≤i≤m

p-( d−i

m−i)

(
n

i

)
−
(

n

i − 1

)
.

� U�RWV �aYjilg [ M [W`S'cR il[jR%T<M542N7`cS�i3M J ZcS�ilZWVaVlY"�.D)KLR QhQhM b7PLT ZcS��#�fi YjVlYc'jMWK �aYW^aJ7K
/7ZcT%T%YhM ilg ilR K�P)��MWT ZcK YjVlY�/7ZWT� 
���?> �?> �=9):2-;- N � 
 D�: @Sl-e-KLD=>dDk@ :=<?>-@?A-B�BED�FHG �k@

0 ≤ i ≤ m ≤ n
2

D=>@�k@Sl-DkQ Dk@?D�: ��F
Sm
(
I
((

[n]
m

))) W%<TKb\ <?l?_k<TF ] A-F :6A?@�<TF (n
i

)
−
(

n

i−1

) <?l
i
YZA?Q�� \XA-F4A-\XA?Q @Sl?hT\ <C�

�i��� �i�b � � l��Zm����� � `=m g��h obem��(�8m;����� �
��� �`
 l`�/ �
� T�J{ilZcKfVaU�^ g%V T[�%g KP�aM54 /7Z.����[Wg iOR V{ia^aR Q�YWKfPLV`/kMWKfQ�MWT ^aR S7N7VaT R%^ R%["R%KfQhg KLR iag%bµR�ilMW^4d
ilZcT U [Wg ^aN7g Va^aR	'jYWKLMWVaT i_MWN�� ZcS8 � \A^ `cb7S7R ^4deR%KLQ�g%KfR i�R T%R%S"MjKL[mMWKLQhMWT%YWVlMWPfSkMW[h[W`cT `cV
MWK M��;�aM�MjT

I(VF)
PLN-R�YWKuMWK)�cR b7^lMjPuilJ7KLM�� N7ZcS-VlY���MjPLSkMW[hMWKLM��5ZWVXQhR��cPLV QhR ^ag VaR�47M�/7ZcK FR<���
QhZ;N7J7KfZ

q
iaR%KP� R V

`
deVaT%g KLR V%/kMWKfQ�MjT<�%VaMWK YjN8 � T�R KLV�MH$¡Q�R<�cKfR</7R i&McV R%S=/-ZcVaV T<D $

J R � R%T R i
I(VF)

V4i MWS7N7MW^aN QhZWS7ZcQ �aMWPfi<4�R<��� \_^a`Wb7S7R%^Cd+bkYjT%PLVaYji�g V f�PLKLbµR%^4i d!JT2��.��'Wg%S��cg i
VaT�YjQhZcK\�aM [~P! 6f2MOQ�PLS7N7R T%R [WR iXQhR��./kMjilYW^aZcT ilJ7[R4-MW[~[WZc^XQhYW^EMW^lYjS;�;KLM��O[W`WS7S��cR%S bµR

I �



J Z.�S� J-[ ilJ-N7S7P b7PfT%ZcS��#�filMWS7PXM [j`�'WR ia[WR%T�M J R � R T%R iaR%[ JTM ilg ilR KLR%P ic4>MWQ�R%K(�cR [$R<����deR<���
/kMWKLQhMWT ^aR%S-N7VaT R%^�Q�M�V-PfQ�YjKLPLV R%KfR%Q�VaT%YWQ�Yj^lM MWN7S7MW[ bµR<�%V KLg V ic 

A�KLV�Mc[Wg S�i Q�Z;N7J7KLZ
q L

d+[WR ^327K@M
L
deQhR ilVaT�M G �%VaMWK YjN7Zc[~[mMWK J Z.�cJ-S7[�J Z.�cKLMWKL[jZcT%S-P! 

H�g%Q�P�bµR iaR%[~PLS�iag%V i MjN7J7S7[�Mhilg Q�M PfVaQ�R%^ i2R%^ R%N7Q�g%S��cR PLbµR�4�QhM�� N�P@��MWT%ZWKP� J7[R4L/7Z.���
MWQhR S7S��;PLbµR%S

q
�7^��LQH/kMji3'jYWS���4

L
R<����QhZ;N7J7KfZ

q
PfS~iaR%^e'WMjKLKLJ-Q 4~g%V |L| ≤ n − q + 2

4
MW[~[WZc^ |G| ≤ ∑q−1

k=|L|

(
n

k

)  �A�T MWT R ^aR N7Qhg S��$MWT |L| = q − 1
R%V R iab5R S�M�+XMWbkMWP $


 ^aMWS7[~K �{R �4ilg%V�S7gW'cR%S�PLV QhR ^ ic4 MWQ�R%K(�cR i°R<���Wg%b7[jg%S�i]S7R Qh^ g<�Qf�R��cR%N�O-Vhg V ��UcS���MWP
� m�k�� P)��MWT ZcKfi< 

� N7ZcK@�cZcT%Mji_J-iaZcKLV UXJ R � R%T R ilR�g%KfR%VEJ R%KfV3M¡[WZW^aK YmilZWi MWN�MWT°ZcK(��MWS G Q�Z;N7J7KLZ
q `

d
VaT%g KLR V>� VlMWKLYWN7Zc[ R%KLR QhV T�YWQhYW^aM54cMWQ�R%K(�cR [�S7R Q@T<D7T SkMW[ V T%g i

m+1
R%KLR Q	O_/kMWKfQ�MWT ic4

S7R�'WR%T%R ilR VaR%S |G| ≤ ∑∞
i=0

∑`−1
k=0

(
n

m−iq−k

) 4�M"/7ZcK
q
�7^3�fQ9/7Mji3'jYWS�� g V ilR KP� R V327K

0 ≤
m ≤ n+`

2

 NA�T%R S�R ^aR%N-Qhg S;�#27S-[WR i 
 ^lMWS7[~K�R����¡Q�YjP)�OS��;PfiaZWiai�VaR �4ilg Vag%S-R%[]i&27[~^ g%bµR%S
g%^ iag%[jR%KP��2-[L 

� �  IHJ R � R%T R i KLRWV V i MjS7NkMW^ N Q�ZcS7ZcQ�Zc[~^aUWK�VaT UcKLU¡^ag VaT R M U�R V[�aYjilg [�R%KfV3MX'jYWK d
ilZcT%Mji Yc'jMWK�R����#2-iai�� k ��� � PL[~[;27S7[~b5R SX� R KLR%S�iAQ�R<�¡R%K@McVaT `c^< � iaZS'WYjb7b7P�P iai&ilYW^3���cMWKfi
R%^aR N7Q�g%S��cR [WR i<4�[W`cT i&27[ M9f�PLKfb5R ^ i4daJT2��.�"'cg%S��¡Q�R<�./7Mji YW^ ZcT�YjVlYji<4kg%V&M�[Wg i_MWKf[jMjKLQhMmd
T�YWV4i�� I	� � Q�J7S7[mYWS7[~bkMWS �7J7b-KLPL[mYWK ilJ7[R 

� ����� �h$ * 0 +�.'*)(@+-, 0 + "  (.'+
q
3 )/.b8,)�(

`
+�(@$41/.6)�(�� (d5�. * " + ,n, 5�.

�����������  :�" Me $CO�Kj� U�R<�"�cR%S
q
4
d
4
`
R��cg%V T V T�YWQ�Zc[R4µMWQ�R%K@�WR%[~^aR

1 ≤ ` < q
 �A�[~[WZW^

M \XA�GTWdKLA
q
:6D�K gZDk@

`
[=@Sl���KLDk@6�k@�<TK hRG

F = {F ⊆ [n] : ∃ f ∈ Z
MWQ�R%K(�{^ R

d ≤ f < d + `
g%V |F | ≡ f (mod q)} .

A>T R%S /kMWKLQhMWT ^aR%S-N7VaT R%^�^ag VaT</7MWKLQhMWT�MjPfi \XA�GTWdKLA
q `
[=@Sl���KLDk@	�k@�<TK hRG%SkMW[hS7R�'WR%T T<27[R 

f�M
d
/7R%K(�cg%^ R�ZcK(��MWS

d′
V T�YWQ�ZWiH/7R%K(�cR iailR V3� i&27S7[R4�MWQ�R%K(�;^aR

d ≡ d′ (mod q)
4

MW[~[WZc^DMWTB�)���&N7R��kS-P YWK i F S7R%Q 'jYWK ilZcT PL[R A�T%g%^4i�MXiaZ�'jYWb-b7P MW[~bkMjS�MWT isPLV J R%K ilR</-R i ��2-[L4
/7Z.���

n−q−`

2
< d ≤ n+q−`

2

J R%S7S7YWKLK1 
� F �%VaMWK YjN

HF(m)
f�PfKLbµR%^4i daJT25�.��'cg S��cg%S-R%[�[~PfVaT�YjQ9� i YWVaM,/kYW^ ZcQ S7M����cZWb7b]KLg d

�5g VabµR%S il`c^4ilg%S-PL[R d R��./kMjilYW^aZcT T%J7[
I(F)

KLR V-Pf[WZ.�W^lM��k[~J7V V4i MWS-NkMW^aN Q�ZcS7ZcQ �aMWP ic4
Q�M�� N]R S7S7R []VaR<���filV g<�cgW'cR K�QhR���MWNF� J7[�R<�"� KLR V \_^a`cb-S7R%^Cd+bkYWT PLVaYjic4-MWQhR K@�;^3MWK5^ `.�Wil`WS
K YjiaVaT�MjS7P6J Z.��4 /7Z����"M]N7R<�WKLRWV ^aR%S-N7R%T g%Va^ R�S7g T�'WR�PLV \_^a`Wb7S7R%^Cd+bkYjT%PLV� � /kMW^aQhMWN7Pf[
KLg<�µg%VAilR�/kYji

HF(m)
QhR��./kMjilYW^aZWT�YWVaY�/7ZcT°M KLR<�"J R%KP� R b7b

m
d+R N5J Zc[;D G KLRWV7n&V ilMWS7NkMj^aN

QhZcS-ZcQhZW[h`cV VaT R%VaT%YWQ�ZcK YWVaM�KfR%V T� 
9):�� O � �HD +RN " � �j�X� � N M # N,+ # - �HM � - � �
� KLR��L^lYjV iX^ `.�Wia`cS PLN-R�YWKfZc[°R<���H'jMWK MWQ�P@'WR%KµYWK i MWKLYWS7ZcVaMWb7b�ZWVaT ilYWK@�cYW^lM,'WZcSkMjia[WZcT UOilg d
ilR%KfKLR K�[WR T%NF��27[R � �  I� m YWKfK)�filYWV2g ^�'Wg%S��cR VOQhPfS7N7R S�ZWK@��MjS

I(F)
PfN7R�YjKL^lM74�MWQ�R%K@�;^ R

I �



ilR%K\� R%V�27K!48/-Z.���
bkYW^aQ�R%K(�
f ∈ Z

R%VaR ilg SQ'jM���� ([n]
f

)
⊆ F 'jM���� ([n]

f

)
∩ F = ∅  � T

PLK@�WR%S]i&�@�7J7V�D
PfN7R�YWKfZc[~^lMObµRAPLV�'cR T%R i&27S7[¡R������ R%Kf`cKLg V i< Cf2M
D ⊆ Z

4|MW[~[WZc^

FD,n = {F ⊆ [n] : |F | ∈ D} .

� R ilVaT�McKLR��cR%V
t ∈ Z

g V
A ⊆ Z

R%V R iag%S)KfR<���WR%S
A − t = {a − t : a ∈ A}  f2M

A ⊆ Z
4 MW[~[WZW^�N-R��kS7PLYWKP� J-[ MWT

A(0)
g%V

A(0)
/kMWKfQ�MjT%Zc[mMji�M�[W`S'cR il[jR%T<MW[�V T%R%^ PLS�i��

A(0) = A ∪ (A − 1)
g V

A(1) = A ∩ (A − 1)
 � Q�R%S7S��;PLbµR%S

w ∈ {0, 1}n 4kMW[~[jZc^

D(w) =
(
. . .
((

D(w1)
)(w2)

)...)(wn)

.

�&g<��27K
M ⊆ [n]

R VaR ilg%S
D(M)

J�����MjSkMWT�4|Q�PLS�i
D(vM )

 
�������8�3�-��
�
� � �����

xM ∈ Smlex (I(FD,n)) ⇐⇒ 0 ∈ D(M)
�

� i iDQ�ZcV4i�YmilJ��cZW^T� J7[_M�KLR V V ilMWS7NkMW^ N Q�ZcS7ZWQhZc[�[WZcS-[;^ g i�KLR<�f^lYWVaYW^aUWKcVaT UcKLU�ilg ilR%K ic4
/7R%K(�cR i ilREM�Q�PLS-PLQhYWKLPfVRJTMji M��cZW[N� R%KfKLR%Q�T%g Vag isMWNF� J7[E� VlMW[_Q�R<��4mMWQ�R%K(�2iaR%^aQ�g%V T%R ilR%V R%S
R%[�';P@'jMWKLR S7V�MWTAR%K@Mcb7b7P('cR%K1 BA�T%R%S�i3D7K F QhR��cPLS�i�M	J R%S�i�N7R��7S7P YWK i Q�Z{N7J-KLZ

q
iaR%K\� R%V

`
d

VaT%g KLR V-� VlMWKLYWN7ZWi � R KL`cKfP! 
���������F�! �:#" Mj%$CO�K � U�R����cR S

M = {m1, . . . , mk} ⊆ [n]
4|M�/7ZcK

m1 < · · · < mk

 
� T L1

MWT�`cVaV T%R%V�ZcK@�cMWS
M

/7MWKLQhMWT i�ilMW^ ilMWKLQhMWT T�M54~MWQ�R%K(�;^aR�P)��MjT�MW[ M [W`S'cR il[jR d
T<Mc[��

1 ≤ k ≤ min{d + `− 1, n− d}+ 1
4
2i− ` < mi < 2i− ` + q − 1

QhPfS7N7R%S
1 ≤ i ≤ k − 1

R VaR iag%S
g%V
mk = 2k − `

 
� T

M
MW[~[WZc^Xg V��%VaMW[ MW[~[jZc^ KLR����cR S L2

^aR S7N7VaT R%^�R%KfR%Q�R�47/kM
k = min{d + `−

1, n − d} + 1
4
2i − ` < mi < 2i − ` + q − 1

Q�PLS7N7R S
1 ≤ i ≤ k

R��cg%V T V T�YWQ�^lM5 
�2g<�.27K�KfR<���WR%S

L3 =





∅, /kM F = {∅} 'WM"��� F = {[n]} K
{n}, /kM F = {∅, [n]} K
{2, . . . , n}, QhYWV [#2-KL`cS~bµR%S84 /kM

` = 1
K

{1, 2, . . . , n}, R����cg b7[Wg S�i�GIMWQ�PL[jZc^
` > 1

n  
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M ∈ L1

4
M = {m1, . . . , mk}

g%V
m1 < · · · < mk

 d PLS7N-R%S
0 ≤ i ≤

n − mk = n − 2k + `
R<�Wg%VaT ^aR

mk+i = mk + i
g%V�KfR<���WR%S

M ′ = {m1, . . . , mn−k+`} = {m1, . . . , mk, mk + 1, mk + 2, . . . , n}.
� T
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/kMjKLQhMWT

U = [n] \ M ′
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 Bf2M
t = (k− q + 1)+

47MW[~[WZW^XN7R��7S7P YWK\� J7[
MWT

sM(x) =
n−k+`∑

i=t+1

xmi

g%V�M

gM(x) =
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t∏

i=1
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xmi

− xut−i

)(sM(x) − d − ` + k

k − t

))

^aR N7J7[mYWK@'jM
x2
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g V��)���
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min{d + ` − 1, n − d} = d + ` − 1

 U�R����cR S iaZjd
'WYjb7bkY

M = {m1, . . . , md+`} ∈ L2

4
m1 < · · · < md+`

g V
U = [n] \ M =

{u0, u1, . . . , un−d−`−1}
4
u0 > u1 > · · · > un−d−`−1

 f2M�Q�ZcV i
t
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V T%R ^aPLS�i�N7R��kS7P YjKP� J7[R4kMW[~[jZc^

hM(x) =
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4�MW[~[WZc^

M =
{m1, . . . , mn−d+1} ∈ L2

4
m1 < · · · < mn−d+1

4�g%V M][WZcQH�7KLR QhR S�ilR%^
U = [n] \

M = {u0, u1, . . . , ud−2}
4LJ R Kfiag�'cR ilR ^aQ�g%VaT R iaR%VaR S848/7Z����

u0 > u1 > · · · > ud−2
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g V

hM(x) =

t∏

i=1

(
xmi

− xut−i
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(xmi
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�
F
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p
[2W%<T: U hTF�T � S Q?QRA-B
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1, n − d} �k@ : D=>�T�3RQ YZD�KY� W AS>�T

F
D=>�T
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QT<TBN<-Q-:6D�BCOL@Sl�:`OLQThNg �#: Dk@�:��
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] DSGTO >

p
D=>�T

W%<T: U hTF�TT<C�
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0 ≤ m ≤ r
� <-Q?QRA-B

HF(m) =

∞∑

i=0

`−1∑

k=0

(
n

m − iq − k

)
,

�k@�W%<
m > r

� <-Q?QRA-B

HF(m) =

∞∑

i=−∞

`−1∑

k=0

(
n

r + iq − k

)
−

∞∑

i=1

`−1∑

k=0

(
n

m + iq − k

)
.
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0 ≤ m ≤ n+`
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HF(m) ≤
∞∑

i=0
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k=0

(
n

m − iq − k

)
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Q�MWT ^aR S7N7VaT R%^� CA�[;[jZc^ G \XA�GTWdKLA q L

[=QRD�B43 KLeF4WMWQhR S7S��;PLbµR%S
G ∈ G g%V

f ∈ L
R%VaR ilg S

|G| 6≡ f (mod q)
 � T i�Q�ZcS7NF� J-[L4�/-Z.��� G L

[ \XD�:a@Sl-eF4./kM&bkYW^ QhR K@� [Wg i>[;27KL`cS~bµ`cT<M
G1, G2 ∈ G R KLR Qhg ^aR |G1 ∩ G2| ≡ f (mod q)

iaR%K\� R%V32-K8'WMjK MWQ�R%K(�
f ∈ L

R%V R ilg S8 
� Q�Z{N-J7KLZ

q L
de[WR ^327K@MH/7MWKLQhMWT%^ R%S7N-VaT%R ^aR [ Q�M�V-PfQ�YjKLPLV R%KfR%Q�VaT%YWQ�YmiXil`cb-b5R S
PfV

'{PfT%V���YWKfilYW[R 
+XMjbkMWP�g V 
 ^lMWS7[~K J Z���MWKLQhMWT i YW[]Q�R<�¡M V R �4ilg V i�� � 48�8 VITI �� 48/7Z.��� |L| = q − 1R%VaR ilbµR%S�M (

n

q−1

) b7PLS-ZcQhPLYWKLPfV�R����#2-iai3/kMjilUQJ R%KfV3M�[WZc^ K YjiT�aM M�QhZ;N7J7KfZ
q L

deQhR ilV T<M
L
de[WR ^327K@M /7MWKLQhMWT%^ R%S7N-VaT%R ^aR [�R%KfR%Q�VaT�YjQ�YWS7MW[R OH�R Qh^ g<�Xf�R<�cR N�O7VAg%V ��UcS���MWP � m�k��

P)��MWT ZcKfilYW[°R%T ic � Q�PuR%^ R%N7Q�g%S��#27S7[�R%S7S7R []YWK i MWKLYWS7ZcV��fi YjVlM
L
deR%[hR<����bbMS'cR b7b �%VlM�d
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L ⊆ {0, . . . , q − 1} \XA�GTWdKLA q
OaF : D�B U <TKb[KbW \^4;/kM

L
'jM�����R<�cg VaT%R [°R<��� PfS�ilR%^e'jMWKLKfJ7Q�M74"'jM�����[Wg i

L1

4
L2

PLS�iaR%^�'jMWKfKLJ7Q�J7S7PfUF�aM54
MWQhR K@�WR%[~^aREJ R%S-SkYWKLK

0 ∈ L1

g%V
q − 1 ∈ L2
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D=>�T

p
]HB [a\ W%<T:^[

U hTF�TP<�� L
D=>�T

q
OaF : D�B U <TKaKbW \ �k@ G ⊆ 2[n]

] DSGTO > \XA�GTWdKLA
q L
[=QRD�B43 KLe

L
[ \XD�:a@Sl-e

W%<TKb\ <?l�BkD�FHG-@Sl-D�B � � < |L| ≤ n − q + 2
� <-Q?QRA-B

|G| ≤
q−1∑

k=|L|

(
n

k

)
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q

ilR KP� R%V
`
deVaT g%KLR V F /kMjKLQhMWT%^ R%S7N7V T%R ^abµR� � T

Fp [x]
/
I(G)

'cR [~iaZc^ iag%^AR<�"��KLPfS7R�Yj^aPLV
bkYWT%PfVlYji�QhR���MWN5'jM"[mM��7J7S7[ |G| �µZcKLPfS7ZcQ�ZWic4EMWQ�R%K@�WR%[ Q�PLS�i

Fp [x]
/
I(F)

R KLR%Q�R%P
PLV¡KLPfS7R�YW^ PLVaMWS JT2��.�cR ilKLR S7R%[R4_^aYcMWNkYWV J7KED�����[jg%V T<�fiT��27[�R%KhMc[jR ic4h/7Z���� J Zc[~VaT%YWQOJ7[
KLR<�"J R%KP� R b7b

q − 1
KLR����cR S8 `A�T%R%[
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I(F)

KfR<��J R KP� R b7b
q − 1
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0 ≤ m ≤ n+`
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R<�Wg%VaT°R VaR iag%S84sMW[~[jZc^ |G| ≤
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n
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∞∑
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n
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